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—— Abstract

Consider a graph G and an edge coloring cg : E(G) — [k]. A rainbow path between u,v € V(Q)
is a path P from u to v such that for all e,e’ € E(P), where e # ¢ we have cg(e) # cgr(e).
The problem RAINBOW k-COLORING takes as an input a graph G, and the objective is to decide
if there exists cg : E(G) — [k] such that for all u,v € V(G) there is a rainbow path between
u and v in G. Several variants of the RAINBOW k-COLORING have been studied. Two such
variants are as follows. The SUBSET RAINBOW k-COLORING takes as an input a graph G and a
set S C V(G) x V(G), and the objective is to decide if there exists cg : E(G) — [k] such that for
all (u,v) € S there is a rainbow path between u and v in G. The problem STEINER RAINBOW
k-COLORING takes as an input a graph G and a set S C V(G), and the objective is to decide if
there exists cg : E(G) — [k] such that for all u,v € S there is a rainbow path between u and v
in G. In an attempt to resolve the open problems posed by Kowalik et al. (ESA 2016), in this
paper we obtain the following results.

For every k > 3, RAINBOW k-COLORING does not admit an algorithm running in time

20BN pOM) unless ETH fails.

For every k > 3, STEINER RAINBOW k-COLORING does not admit an algorithm running in

time 20(‘5‘2)710(1), unless ETH fails.

SUBSET RAINBOW k-COLORING admits an algorithm running in time 2°(SDn@M  This

also implies an algorithm running in time 2008 p0M) for STEINER RAINBOW k-COLORING,

which matches the lower bound we obtained.
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1 Introduction

Graph connectivity is one of the fundamental properties in graph theory. Several connectivity
measures like k-vertex connectivity, k-edge connectivity, hamiltonicity, etc. have been studied
for graphs. Inspired by applications in secure data transfer, Chartrand et al. [8] defined an
interesting connectivity measure, called rainbow connectivity, which is defined as follows.
Let G be a graph and cg : E(G) — [k] be an edge coloring of G. A rainbow path between
u,v € V(G) is a path P from u to v such that for all e,e’ € E(P), where e # ¢’ we have
cr(e) # cr(e’). A graph with an edge coloring is said to be rainbow connected if for every
pair of vertices there is a rainbow path between them. The problem RAINBOW k-COLORING
takes as an input a graph G, and the goal is to decide whether there exists an edge coloring
cr : E(G) — [k] such that for all u,v € V(G), there is a rainbow path between u and v
in G. The problem has received lot of attention recently, both from graph theoretic and
algorithmic point of view, the details of which can be found, for instance in [9, 25, 26].
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The problem RAINBOW k-COLORING is a notoriously hard problem. It was conjectured
by Caro et al. [4] that RAINBOW k-COLORING is NP-hard even for k = 2. Chakraborty et
al. [5] confirmed this conjecture by showing that the problem is NP-hard for k = 2. Later,
Ananth et al. [3] showed that for every k > 2, RAINBOW k-COLORING is NP-hard. An
alternate proof was also given by Le and Tuza [23]. For the complexity of the problem on
restricted graph classes see [5, 6, 7, 8]. The problem has received

Impagliazzo et al. introduced the Exponential time hypothesis (ETH) [18], which is used
as a basis for proving qualitative lower bounds for computational problems. ETH states that
the problem 3-SAT does not admit an algorithm running in time 2°™n®M) | where n is
the number of variables in the input 3-CNF formula. Since then it has been used to prove
that several of the NP-hard problems like INDEPENDENT SET, HITTING SET, CHROMATIC
NUMBER, do not admit an algorithm running in sub-exponential time, assuming ETH (see
the survey [27]).

Kowalik et al. [22] studied the fine-grained complexity of RAINBOW k-COLORING and its
variants. They showed that RAINBOW k-COLORING neither admit an algorithm running in
time 2°(|V(G)‘3/2)|V(G)|O(1), nor an algorithm running in time 2°(F(&)1/1og [E(@G)D|17(G)|©()
unless ETH fails. They also studied a variant of RAINBOW k-COLORING, called SUBSET
RAINBOW k-COLORING (to be defined shortly), which was introduced by Chakraborty et
al. [5]. They showed that SUBSET RAINBOW k-COLORING does not admit an algorithm
running in time 2°UF(@D V(@)1 assuming ETH. Also, they designed an FPT algorithm
for SUBSET RAINBOW k-COLORING running in time |S|USDn®M) where S is a part of the
input. For k = 2 they designed an algorithm running in time 2°(0SDp®M  They proposed
yet another (parametric) variant of RAINBOW k-COLORING, which they called STEINER
RAINBOW k-COLORING. Their lower bound result for RAINBOW k-COLORING implies that
STEINER RAINBOW k-COLORING does not admit an algorithm running in time 20I51**0()
Moreover, their algorithm for SUBSET RAINBOW k-COLORING gives an algorithm for STEINER
RAINBOW k-COLORING running in time 20(ISI* log |S) p O(1)

Our results. In this paper, we attempt to tighten the gaps in the fine-grained complexity
of RAINBOW k-COLORING, SUBSET RAINBOW k-COLORING, and STEINER RAINBOW k-
COLORING, which was initiated by Kowalik et al. [22]. We now move to the description of
each of our results.

The first problem that we study is STEINER RAINBOW k-COLORING, which is formally
defined below.

STEINER RAINBOW k-COLORING Parameter: |S|
Input: A graph G and a subset S C V(G).

Question: Does there exist an edge coloring cg : F(G) — [k] such that for every u,v € S,
there is a rainbow path between v and v in G?

In Section 3, we show that STEINER RAINBOW k-COLORING does not admit an algorithm
running in time 20181, 01) for every k > 3, thus resolving one of the problems posed by
Kowalik et al. [22]. We give a reduction from k-COLORING on graphs of maximum degree
2(k — 1) which does not admit an algorithm running in time 2°(n®M)  assuming ETH. Our
reduction starts by computing a harmonious coloring of the (bounded degree) input instance
of k-COLORING, which forms an essential step in the construction of S for the instance of
STEINER RAINBOW k-COLORING that we create. The idea of using harmonious coloring for
proving lower bound of the form 2001 was used by Agrawal et al. [1] to prove a lower
bound for SPLIT CONTRACTION, when parameterized by the vertex cover number of the
input graph. Here, £ is some parameter of the input instance. Also, the idea of partitioning
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vertices of the input graph based on some coloring scheme was used by Cygan et al. [10] to
prove ETH based lower bounds for GRAPH HOMOMORPHISM and SUBGRAPH ISOMORPHISM.
The next problem we study is RAINBOW k-COLORING, which is formally defined below.

RAINBOW k-COLORING

Input: A graph G.

Question: Does there exist an edge coloring cg : E(G) — [k] such that for every
u,v € V(G), there is a rainbow path between u and v in G?

Kowalik et al. [22] conjectured that for every k > 2, RAINBOW k-COLORING does not
admit an algorithm running in time 2°(E(@DpOM) unless ETH fails. In Section 4, we resolve
this conjecture for every k > 3. We give a reduction from k-COLORING on bounded degree
graphs. Although, the general scheme of reduction is same as that for STEINER RAINBOW
k-COLORING, but for this case the reduction is more involved. Furthermore, we require to
distinguish between the cases for k being odd and even in the gadget construction. Also, for
the sake of reducing the complexity of gadget construction, we separate the case for k = 3
and k > 3.

Finally, we study the problem SUBSET RAINBOW k-COLORING, which is formally defined
below.

SUBSET RAINBOW k-COLORING Parameter: |S|
Input: A graph G and a subset S C V(G) x V(G).

Output: An edge coloring cg : E(G) — [k] such that for every (u,v) € S, there is a
rainbow path between u and v in G, if it exists. Otherwise, return no.

In Section 5 we design an FPT algorithm running in time 2°0SDpOM) for SupseT
RAINBOW k-COLORING, for every fixed k. This resolves the conjecture of Kowalik et al. [22]
regarding the existence of an algorithm running in time 2°USDpOM for SUBSET RAINBOW
k-COLORING, and is an improvement over their algorithm, which runs in time |S|€(SDpOM)
for k > 3. Our algorithm is based on the technique of color coding, which was introduced
by Alon et al. [2]. Observe that STEINER RAINBOW k-COLORING is a special case of
SUBSET RAINBOW k-COLORING. Hence, as a corollary we obtain an algorithm running in
time 200501 for STEINER RAINBOW k-COLORING, which matches the lower bound we
proved in Section 3.

2 Preliminaries

In this section, we state some basic definitions and introduce terminology from graph theory
and algorithms. We also establish some of the notations that will be used throughout.

We denote the set of natural numbers by N. For k € N, by [k] we denote the set
{1,2,--- ,k}. Let f : X — Y be a function. For y € Y, by f~(y) we denote the set
{r e X | f(z) =y}. For X' C X, by f|x’ we denote the function f|x/ : X’ — Y such that
flx/(x) = f(x), for all z € X'. For an ordered set R = X x Y, a function f: R — Z, and an
element r = (z,y) € R, we slightly abuse the notation to denote f(r) = f((z,v)) by f(z,v).

We use standard terminology from the book of Diestel [13] for the graph related ter-
minologies which are not explicitly defined here. We consider finite simple graphs. For a
graph G, by V(G) and E(G) we denote the vertex and edge sets of the graph G, respectively.
For v € V(G), by Ng(v) we denote the set {u € V(G) | (v,u) € E(G)}. We drop the
subscript G from Ng(v) when the context is clear. For C,C’" C V(G), we say that there is
an edge between C' and C’ in G if there exists u € C' and v € C’ such that (u,v) € E(Q).
A path P = (vi,v9,--- ,vy) is a graph with vertex set as {vy,v9,--- ,v¢} and edge set as
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{(vi,vi+1) | ¢ € [l = 1]}. Furthermore, we call such a path as a path between v; and v,. The
length of a path is the number of edges in it.

A vertex coloring of a graph G with k € N colors is a function ¢ : V(G) — [k]. For such
a vertex-coloring, we will call the sets Cy, Cy, - - - C}, as color classes, where C; = {v € V(G) |
p(v) =i} for i € [k]. A vertex-coloring ¢ of G is said to be proper if for each (u,v) € E(G),
p(u) # p(v). In this paper, by vertex coloring, we will always refer to a proper vertex
coloring. A harmonious coloring of a graph G is a vertex-coloring ¢ : V(G) — [k], with
color classes C1,Cq, -+ ,C} such that for all 4,5 € [k], where i # j there is at most one
edge between C; and C; in G. An edge coloring of a graph G with k colors is a function
¢ : E(G) — [k]. A path P in G is said to be a rainbow path if for all e, ¢’ € E(P) with e # ¢’
we have ¢(e) # ¢(e’'). An edge coloring is said to be a rainbow coloring if for all u,v € V(G)
there is a u — v rainbow path in G. We drop the prefix vertex and edge from vertex coloring
and edge coloring whenever the context is clear. For a graph G with an edge coloring
c: E(G) — [k], and a path P = (vy,vs, - ,ve_1,v¢) in G by (v3 30y - Ly, ““y) we
denote the path P annotated with the color of its edges. Here, ¢(v;, vi11) = ¢;, for i € [¢ —1].

Parameterized complexity. A parameterized problem II is a subset of I'* x N, where I' is
a finite alphabet set. An instance of a parameterized problem is a tuple (z, k), where & is
called the parameter. A parameterized problem is said to be fized-parameter tractable (FPT)
if, for a given instance (, %), we can decide (z,x) € IT in time f(k) - |2|(), where f(-) is a
computable function depending only on . For more details on parameterized complexity we
refer to the books of Downey and Fellows [14], Flum and Grohe [16], Niedermeier [30], and
the recent book by Cygan et al. [12].

3 Lower bound for Steiner Rainbow k-Coloring

In this section, we show that for every k > 3, STEINER RAINBOW k-COLORING does not
admit an algorithm running in time 2°(9 ‘Q)no(l), unless ETH fails. Towards this we give
an appropriate reduction from k-COLORING on graphs of maximum degree 2(k — 1). We
note that k-COLORING does not admit an algorithm running in time 2°(n®M unless ETH
fails [19]. Moreover, assuming ETH, 3-COLORING does not admit an algorithm running
in time 2°(MpOM)
that 3-COLORING does not admit such an algorithm, and a reduction from an instance G
of 3-COLORING to an equivalent instance G’ of 3-COLORING, where G’ is a graph with
maximum degree 4 with [V(G')| € O(|[V(G)|) (see Theorem 4.1 [17]). In fact, we can show
that k-COLORING does not admit an algorithm running in time 2°("n®M) on graph of
maximum degree 2(k — 1) (folklore). This result can be obtained (inductively) by giving a
reduction from an instance G of (k — 1)-COLORING on graphs of degree at most 2(k — 2)
to an instance of k-COLORING on a graphs of bounded average degree (by adding global

on graph of maximum degree 4 [20, 11]. This follows from the fact

vertex), and then using an approach similar to that in Theorem 4.1 in [17] we can obtain an
(equivalent) instance of k-COLORING where the degree of the graph is bounded by 2(k — 1).

Given an instance G of k-COLORING on n vertices and degree bounded by 2(k — 1), we
start by computing a harmonious coloring ¢ of G with t € O(y/n) color classes such that
each color class contains at most O(y/n) vertices. A harmonious coloring can be computed in
polynomial time on bounded degree graphs using O(y/n) colors with each color class having
at most O(y/n) vertices [11, 15, 24, 28]. Let Cy,Cy, -+ ,C; be the color classes of ¢. Recall
that for ¢, 7 € [t] with ¢ # j there is at most one edge between C; and C; in G. Moreover, C;
is an independent set in G, where i € [t]. We create an instance G’ of k-COLORING which
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has a harmonious coloring ¢’ with color classes C7,C%,--- ,Cy such that for all 4,5 € [t],
i # j we have exactly one edge between C; and C;. Initially, we have G = G’ and C] = C,
for all 7 € [t]. For each ,j € [t], i # j such that there is no edge between C; and C; in G we
add two new vertices a;; and aj; to V(G’) and add the edge (a;;,aj;) to E(G’). Furthermore,
we add a;; to C} and aj; to Cj;. Observe that [V(G')| € O(n), |[E(G")| € O(n), and for each
i €t], |Ci| € O(/n). Also, for each i, j € [t], i # j there is exactly one edge between C and
C% in G'. It is easy to see that G is a yes instance of k-COLORING if and only if G’ is a yes
instance of k-COLORING.

Hereafter, we will be working with the instance G’ of k-COLORING, together with its
harmonious coloring ¢’ with color classes C,C4, - -+, C}. Moreover, for i, j € [t], i # j there
is exactly one edge between C} and C} in G'.

We now move to the description of creating an equivalent instance (G, S) of STEINER
RAINBOW k-COLORING, where k > 3. Initially, we have V(G) = V(G’). For (u,v) € E(G")

1, xyY, - xpl 4 to G and add all the edges in the path
(u, -+, x4, v) to E(G). Note that for k = 3 we do not any new vertex and directly
add the edge (u,v) to G. For each i € [t] we add a vertex ¢; to G and add all the edges in
{(ci,v) | v € C!} to E(G). Finally, we set S = {c; | i € [t]}. Notice that |S| € O(y/n). In the
following lemma we establish that G’ is a yes instance of k-COLORING if and only if (G, S)
is a yes instance of STEINER RAINBOW k-COLORING.

we add £ — 3 new vertices x

» Lemma 1. G is a yes instance of k-COLORING if and only if (G, S) is a yes instance of
STEINER RAINBOW k-COLORING.

Proof. In the forward direction, let G’ be a yes instance of k-COLORING, and ¢ : V(G') — [k]
be one of its solution. We create a coloring cg : F(G) — [k] as follows. For i € [t] and
v € Cf we set cr(c;,v) = c(v). For i,j € [t], i # j let u,v be the (unique) vertices in C/!
and O} such that (u,v) € E(G"). We now describe the value of cg for edges in the path
P = (u,z}?, - ,a}”4,v). Notice that |E(P)| = k — 2 therefore, we arbitrarily assign distinct
integers in [k \ {cr(ci,u), cr(cj,v)} to cr(e), where e € E(P). Since c is a proper coloring
of G’ therefore, cgr(c;, u) = c(u) # c(v) = cg(cj,v). This together with the definition of cg
for edges in P implies that there is a rainbow path, namely (c;, u, 2}, -, 2} 5, v,¢;) in G
between c¢; and c;. This concludes the proof in the forward direction.

In the reverse direction, let (CNJ7 S) be a yes instance of STEINER RAINBOW k-COLORING,

and cg : E(G) — [k] be one of its solution. We create coloring ¢ : V(G') — [k] as follows.

For i € [t] and v € C}, we let ¢(v) = cgr(c;,v). We show that ¢ is a solution to k-COLORING

in G'. Consider (u,v) € E(G'), and let v € Cj and v € C}. Note that we have i # j.

Let P be a rainbow path between ¢; and c¢; in G. By the construction of G, we have
Negle;) N Nilej] = 0. Moreover, since P is a rainbow path therefore, it can contain at most k
edges. Since Ng(c;) = C] and Ng(cj) = C}, and there is a exactly one path with at most

k — 2 edges between a vertex in C; and a vertex in C7, namely (c;,u, z{", -, 2}" 3,0, ¢;).

Therefore, by construction of ¢ together with the fact that P is a rainbow path we have
¢(u) # e(v). This concludes the proof. <

» Theorem 2. STEINER RAINBOW k-COLORING does not admit an algorithm running in
time 20(|5|2)n0(1), unless ETH fails. Here, n is the number of vertices in the input graph.

Proof. Follows from construction of an instance (G, S) with |S| € O(y/n) of STEINER
RAINBOW k-COLORING for a given instance G of k-COLORING with maximum degree at
most 2(k — 2), Lemma 1, and existence of no algorithm running in time 2°("n®®) for
k-COLORING on graphs of maximum degree 2(k — 2) (assuming ETH). <
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4 Lower bound for Rainbow k-Coloring

In this section, we show that for every k& > 3, RAINBOW k-COLORING does not admit an
algorithm running in time 2°(F(@DpOM) ynless ETH fails. We give different reductions for
the case when k = 3 (Section 4.1), k is an even number greater than 3 (Section 4.2), and &
is an odd number greater than 4 (Section 4.3). We note that although the approach used
for proving lower bound for RAINBOW 3-COLORING is extensible to RAINBOW k-COLORING
when k is odd, but it unnecessarily adds to complexity of the reduction. Moreover, the
approach we follow for showing the lower bound result for k£ > 3, where k is an odd number
introduces some technical issues when we try to extend it for k = 3.

Towards proving our lower bound result, we give an appropriate reduction from k-
COLORING on graphs of maximum degree 2(k — 1), which does not admit an algorithm
running in time 2°™n®M) unless ETH fails. The key idea behind the reduction is same as
that presented in Section 3, but for this case it is more involved. Before moving on to the
description of the reductions we define a graph that will be useful in our reductions.

A clique sequence Zny = (Z1,Zs,- -+ Z;) of order (n,t) is a graph defined as follows. We
have V(Zy,;) = WiciZi, where |Z;| = n for all i € [t]. For each i € [t], all the edges in
{(2,7') | 2,72 € Z;} are present in E(Zy, ), i.e. Z; is a clique. Furthermore, for all ¢ € [t — 1]
all the edges in {(z,2') | z,€ Z;,2' € Z;11} are present in E(Z,, ;). These are exactly edges
in E(Zy.4).

4.1 Lower bound for Rainbow 3-Coloring

In this section, we show that RAINBOW 3-COLORING does not admit an algorithm running
in time 2°UE(EDpOM) where n is the number of vertices in the input graph G.

Let G be an instance of 3-COLORING on n vertices with maximum degree bounded by 4.
We start by computing (in polynomial time) a harmonious coloring ¢ of G with ¢ € O(y/n)
color classes such that each color class contains at most O(y/n) vertices [11, 15, 24, 28]. Let
C1,C4, -+, C; be the color classes of ¢. From the discussion in Section 3, we assume that for
i,7 € [t], ¢ # j there is exactly one edge between C; and C; in G. We construct an instance
G’ of RAINBOW 3-COLORING as follows (see Figure 1).

Color class gadget. Consider i € [t]. The color class gadget C; comprises of the set Cj,
two vertices ¢;, b;, and a clique U; on 3 vertices with vertex set as {ui,ub, u%}. We add
all the edges in {(v, c;), (v, b;), (v,ul), (v,ub), (v,ul) | v € C;} to E(C;). Also, we add the
edge (b;, ¢;) to E(C;).

Connection between color class gadgets. Consider 4,5 € [t], i # j we add all the edges in
{(bi,u)) | £ € [3]} to E(G"). Furthermore, we add all the edges {(uj, u},) | £,¢' € [3]} to
E(G"). Note that {u} |’ € [t],£ € [3]} induces a clique in G'.

Encoding edges. For this case encoding edges is quite simple. For ¢, € [t], ¢ # 7 we add
the unique edge (u,v) between C; and C; with u € C; and v € C; to G’. Note that this
is same as adding all the edges in E(G) to E(G).

This finishes the description of the instance G’ of RAINBOW 3-COLORING. We note that
some of the edges in G’ are not necessary for the correctness of the reduction. However, they
are added to reduce the number of pairs for which we need to argue about existence of a
rainbow path. Before moving on to the proof of equivalence between these instances, we
create an edge coloring function cg : E(G’) — [3]. Here, we create cg based on a solution
¢ to 3-COLORING in G, assuming that G is a yes instance of 3-COLORING. We will follow
computation modulo k, and therefore color 0 is same as color k.
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Figure 1 An illustration of (partial) construction of the graph G’ and the coloring function cg.

» Definition 3. Given a solution ¢ to 3-COLORING in G, we construct cg : E(G’) — [3] as

follows (see Figure 1).

1. Fori € [t], and v € C; set cr(v,¢;) = c(v), cr(v,b;) = c(v), and for £ € [3], cr(v,u}) = .

2. Fori,j € [t], i # j let (u,v) be the unique edge between C; and C;. We set cr(u,v) to
be the unique integer in [3] \ {c(u), c(v)}. Here, the uniqueness is guaranteed by the fact
that ¢ is a 3-COLORING of G, and (u,v) € E(G’) therefore, c¢(u) # c(v).

3. Fori € [t] set cr(bi,c;) = 3, cr(ul,ub) = 3, cr(ub,ul) = 2, and cp(ul,ul) = 1.

For i,j € [t], i # j and £ € [3] set cg(bi,u)) = £ — 1.

5. Fori,j € [t], i # j and £ € [3] set CR(uz,ui) = (. Furthermore, for ¢’ € [3] \ {¢} we set
cr(ul, ui,) = 7, where / is the unique integer in [3] \ {£,¢'}.

b

Next, we prove some lemmata that will be useful in establishing the equivalence between
the instance G of 3-COLORING and the instance G’ of RAINBOW 3-COLORING.

» Lemma 4. Fori,j € [t], where i # j let (u*,v*) be the unique edge between C; and C;
with u* € C; and v* € Cj. There is exactly one path, namely (c;,u*,v*,¢c;) in G’ between ¢;
and c; that has at most 3 edges.

Proof. Consider i, j € [t], where i # j. Let u* € Cj, vj € C; be the vertices such that
(u*,v*) € E(G'). Recall that N(¢;) = {b;} UC; and N(¢;) = {b;} UC;}. Therefore, any path
between ¢; and ¢; with at most 3 edges must contain a vertex u € N(¢;) U {b;} and a vertex
v € N(cj) U{b;} such that (u,v) € E(G’). Observe that (b;,b;) ¢ E(G'), b; ¢ N(C;), and
b; ¢ N(C;). Therefore, u must belong to C; and v must belong to C;. But there is unique
edge between C; and C;, namely (u*,v*). Therefore, v = u* and v = v*. This concludes the
proof. <

» Lemma 5. Let G be a yes instance of 3-COLORING, and ¢ be one of its solution. Fur-
thermore, let cg : E(G') — [3] be the coloring given by Definition 3 for the coloring ¢ of G.
Then for all i € [t], and u,v € C; there is a rainbow path between u and v in G'.

Proof. Consider i € [t]. Recall that V(C;) = C; U {c;, b;, ul,ub, us}. We will argue for the
pairs (u,v) € V(C;) x V(C;) such that (u,v) ¢ E(C;), since we trivially have a rainbow path
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between pair of vertices that have an edge between them. Therefore, we argue about pairs in
{(uvv> | u,v € Cj,u # U} U {(bi’u2)> (Ci’ué) | te [ ]}
Consider u,v € C; where u # v. The path (uuf>u}>v) is a rainbow path between u
and v in G'.
Consider v € C;. If cg(v,b;) = 1 then (biivlulziul) is a rainbow path between b; and
ul, (byv2ub) is a rainbow path between b; and uj, and (b;—v->u}) is a rainbow path
between b; and uj. All other cases can be argued analogously. Also, similar arguments
can be given for rainbow paths between ¢; and vertices in {u} | £ € [3]}.

<

» Lemma 6. Let G be a yes instance of 3-COLORING, and ¢ be one of its solution. Fur-
thermore, let cg : E(G') — [3] be the coloring given by Definition 3 for the coloring ¢ of G.
Then for alli,j € [t], i # j for alluw € C; and v € C; there is a rainbow path between u and v
in G'.

Proof. Consider i,j € [t], where i # j. Let (u*,v*) € E(G’) be the unique edge between C;
and C; with u* € C; and v* € C;. We will argue for the pairs (u,v) € V(C;) x V(C;) such
that (u,v) ¢ E(G’), since we trivially have a rainbow path between pair of vertices that have
an edge between them. Therefore, we argue only for pairs in the following sets.

Av = {(ei,u) | v € {by, ¢} UC; U {up | £ € [3]}}.
Ag:{(bi,u) |’U€{bj}UCj}. _
Az ={(u,v) |veCiveCjU{u)|lel3]}}.

Although, A; U Ay U A3 does not include all the pairs in (V(C;) x V(C;)) \ E(G’), but a
rainbow path for all such pairs can be obtained by following a symmetric argument (swapping
i and j). We now show that for each pair in A; U A U A3 we have a rainbow path between
them in G'.

The path (¢;, u*,v*,¢;) is a rainbow path between ¢; and ¢; in G’ (see item 1 and 2 of
Definition 3). Similarly, (¢;, u*,v*,b;) is a rainbow path between ¢; and b; in G'. Consider
a vertex v € Cj. The path (¢;>b;u}>v) is a rainbow path between ¢; and v (see item
1, 3, and 4 of Definition 3). This also gives a rainbow path between ¢; and u}. The paths
(cl—b 243 and (¢;2b;2ul-tu?) are rainbow paths between ¢; and u}, and between ¢;
and U1» respectively (see item 3 and 4 of Definition 3).

The path (b;,u*,v*,b;) is a rainbow path between b; and b; in G’ (see item 1 and 2 of
Definition 3). For v € C}, (b u}2v) is a rainbow path between b; and v (see item 1
and 4 of Definition 3).

Consider a vertex u € C;. For v € O}, (u'u}>u}>v) is a rainbow path between u
and v in G’ (see item 1 and 5 of Definition 3). Note that this also gives a rainbow path
between u and u}. The path (u —uliug) is a rainbow path between u and u}. Finally,

the path u>u% 2/ is a rainbow path between u and u?.

<

We now establish equivalence between the instance G of 3-COLORING and the instance
G’ of RAINBOW 3-COLORING.

» Lemma 7. G is a yes instance of 3-COLORING if and only if G’ is a yes instance of
RAINBOW 3-COLORING.
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Proof. In the forward direction, let G be a yes instance of 3-COLORING, and ¢ : V(G) — [3]
be one of its solution. Let cg : E(G’) — [3] be the coloring given by Definition 3 for the
given coloring ¢ of G. From Lemma 5 and 6 it follows that cg is a solution to RAINBOW
3-COLORING in G'.

In the reverse direction, let G’ be a yes instance of RAINBOw 3-COLORING, and cp :
E(G") — [3] be one of its solution. We create coloring ¢ : V(G) — [3] as follows. For i € [t]
and v € C;, we let ¢(v) = cg(e;,v). We show that ¢ is a valid solution to 3-COLORING

in G. Consider (u,v) € E(G), and let v € C; and v € C;. Note that we have i # j.

Let P be a rainbow path between ¢; and ¢; in G'. Note that P can have at most 3
edges. By Lemma 4 we know that P = (¢;,u,v, ¢;), therefore by construction of ¢, we have
cr(ci,u) = c(u) # ¢(v) = cr(c;,v). This concludes the proof. <

» Theorem 8. RAINBOW 3-COLORING does not admit an algorithm running in time
20IEG)DpOM) “ynless ETH fails. Here, n is the number of vertices in the input graph.

Proof. Follows from construction of an instance G’ of RAINBOW 3-COLORING with |E(G’)| €
O(|V(G)]) for a given instance G of 3-COLORING with maximum degree bounded by 4,
Lemma 7, and existence of no algorithm running in time 2°n®® for 3-COLORING on
graphs of maximum degree 4 (assuming ETH). <

4.2 Lower Bound for Rainbow k-Coloring, k£ > 3 and even

In this section, we show that RAINBOW k-COLORING does not admit an algorithm running
in time 2°UF(@NpO0) for every even k where k > 3. Here, n is the number of vertices in
the input graph.

Let G be an instance of k-COLORING on n vertices with maximum degree bounded by
2(k —1). Here, k > 3 and k is an even number. We start by computing (in polynomial
time) a harmonious coloring ¢ of G with ¢t € O(y/n) color classes such that each color class
contains at most O(y/n) vertices [11, 15, 24, 28]. Let C1,Cs, - -+, Cy be the color classes of ¢
with exactly one edge between C; and C; in G, where 4, j € [t]. We modify the graph G and

its harmonious coloring ¢, to obtain a more structured instance, which will be useful later.

For each i € [t], we add k new vertices v}{,v}, -+, v}, to V(G), and add them to C;. We
continue to call the modified graph as G' and its harmonious coloring as ¢ with color classes
C1,Ca, -+ ,Cy. We note that {v}; | i € [t],j € [k]} induce an independent set in G. The
purpose of adding these k& new vertices is to ensure that if G is a yes instance of k-COLORING

then there is a k-coloring ¢ of G, such that for each i € [t] and j € [k], we have ¢~ (j)NC; # 0.

This will helpful in simplifying some of the arguments later. Observe that original instance
is a yes instance of a k-COLORING is and only if the modified instance is a yes instance of
k-COLORING. Moreover, given a k-coloring of G (modified graph), in polynomial time we

can obtain another k-coloring ¢’ of G such that for all i € [t],j € [k] we have c(v};) = j.

Also, we have |V(G)| € O(n), and |E(G)| € O(n), where n is the number of vertices in the
original instance. Hereafter, whenever we talk about a solution ¢ to k-COLORING in G (if it
exists) we will assume (without explicitly mentioning) that for all ¢ € [t] and p € [k] we have
CiNc (p) # 0. We now move to description of the reduction.

We proceed by describing color class gadget C;, corresponding to the color class C;, where
i € [t], and gadgets to encode edges in G. Then we state the connection between various
color class gadgets and edge gadgets. We let kK = 2¢, where £ € N and ¢ > 1. We create an
instance G’ of RAINBOW k-COLORING as described below (see Figure 2).

Color class gadget. Consider i € [t]. The color class gadget C; comprises of the set C;, a
vertex ¢;, and a clique sequence Z; = (UjUD},--- ,U;_,UD} ) of order (2k,¢—1). Here,

23:9
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Figure 2 An illustration of (partial) construction the instance G’ of k-COLORING, where k > 3
and k is even.

for each i € [¢ — 1] we have |Us| = |D;| = k. For r € [( — 1] we let U} = {u},, | p € [k]},
and D, = {d,, | p € [k]}. We add all the edges in {(c;,v) | v € C;} to E(C;). Also, we
add all the edges in {(v,w) | v € C;,w € U} U D}} to E(C;).

Connection between color class gadgets. For each i,j € [t] where i # j, we add all the
edges in {(w,w') |w e U}_,UD}_,,w' €U} ,UD] |} to E(G").

Edge gadget. Consider i, j € [t] with i < j. Recall that there is exactly one edge between C;
and C;. Corresponding to this edge we create a path P = (a:iij, cee xzj;z, Zij, xiiz, cee lel)
on k — 3 vertices, and add it to G’. We note that whenever we say vertex z;; it refers to
the vertex z;; i.e. z;; and z;; denotes the same vertex.

Connection between color class gadgets and edge gadgets. Consider i,j € [t], where i < j.
Let (uj,v}) be the unique edge between C; and C; with u; € C; and v} € C;. We add
the edges (uf,z?), (x1', vr) to E(G'). Notice that when £ =2 2% does not exists. In this
case, we add the edges (u;, 2), (z,v}) to E(G”). For each r € [( — 2] we add all the edges
in {(2¥,w) |we U}UD.} to E(G’). Similarly, we add all the edges in {(zJ",w) | w €
U7 UDJ} to E(G"). Also, we add all the edges in {(z;;,u) | u € Uj_,UD}_,UU]_,UD] |}
to E(G).

This finishes the construction of instance G’ of RAINBOW k-COLORING for the given
instance G of k-COLORING. Before moving on to proving the equivalence between these
instances, we create an edge coloring function cg : E(G’) — [k]. Here, we create cg based on
a solution ¢ to k-COLORING in GG, assuming that is G a yes instance of k-COLORING. We
will follow computation modulo & (color 0 is same as color k).

» Definition 9. Given a solution ¢ to k-COLORING in G, we construct cg : E(G’) — [k] as
follows.
1. For i € [t], and v € C; we set cr(v,¢;) = ¢(v).
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2. Fori,j € [t], i < j let ( v¥) be the unique edge between C; and C;. Consider the

Uy, ]
path P = (uj x1 e mz 27Zzg7l‘g oy, J) We arbitrarily assign unique integers in
(K] \ {C(uf),c(v;‘)} to cr(e), for each e € E(P).
3. For i€ [t], a vertex v € C; , and p € [k] we set cg(v, ulp) —1, and cR(v,d’ip) =p.
4. Fori € [t], r € [¢ — 1], and p, ¢ € [k] we set cR(d;p, :,q) =p.
5. For i,j € [t], where i # j, r € [ — 1], and p € [k] we set cgr(x ;J)urp) — p, and
cn(ail diy) = p+ 1.
6. For ie[t],re[l—2],pqc [k] we set CR(dzH_l)p,d;q) = p, and cR(ufﬂp,uzrﬂ)q) =p.

7. Fori,j E. [t] where i # j, p,q € [k] we set CR(uée—mp’dZeq)q) = p, cR(u&_l)p,zij) =p,
and cr(d,_y),. 2ij) =p + 1.
8. Fori € [t], r € [( - 2], p,q € [k] we set cr(uy,,d(,,,),) =4 and CR(U(py 1y dig) = D-
9. Forallie[t], re[l—1],p,q e [k], where p # q we set cg(u.,,ul,) = k.
10. For all the remaining edges in F(G'), cg assigns it an integer in [k] arbitrarily.

For a vertex v € V(G'), by T, we denote the breadth first search tree in G’ with v as the
root vertex. We let LY = {v}. For i € [n'], by LY we denote the set of vertices which are at
a distance ¢ from v in T,,. Here, the distance between u € V(G') and v denotes the number
of edges in the unique path between v and w in T, and n’ = |V(G’)|.

Next, we prove some lemmata that will be useful in establishing equivalence between the
instance G of k-COLORING and the instance G’ of RAINBOW k-COLORING.

» Lemma 10. Fori,j € [t], where i # j, let P be a path between ¢; and ¢; with at most k
edges in G'. If £ > 2 then P contain the edge (xe 9, %ij). Otherwise, P contains the edge
(u, z;j), where u is the unique vertex in C; that in adjacent to a vertex in Cj.

Proof. Consider 4, j € [t], where i # j. Let P be a path between ¢; and ¢; with at most &
edges in G’. Recall that N(c¢;) = C; and N(¢;) = C;, where C; N C; = (. Therefore, P must
contain an edge (¢;, u) and (v, ¢;j), where u € C; and v € C; (u # v). Consider the breadth
first search tree T,,. We start by looking at first £ —1 levels of trees T¢, and T, (starting from
0). Notice that for r € [ — 2] we have Ly’ , = U} U DL U {xij, | 5/ € [t]\ {i}}, and L = C;.
Similarly, for r € [¢ — 2] we have LH_1 Ui UDIU {2l | e [t]\{j}}, and LY = C;. For
all r,r’" € [{ — 1] we have L% N L3 = (). For each w € {¢;,¢;} and r € [¢], P must contain
a vertex from LY. But then P can contain at most one other vertex. Recall that for all
r,7’ € [ — 1], there is no edge between a vertex in LS and a vertex in L;7. Therefore, P
must contain exactly one other vertex, which belongs to L' N Ly’. But Ly N L7 = {z;;}.
Therefore, P must contain the vertex z;;. Notice that P must contain exactly one vertex
from each LY, where w € {cl, cj} and r € [¢ — 1]. Moreover, the only vertex adjacent to z;;
in Lg' U (Ure[g_l]L i) is xL, 5. Therefore, P must contain the edge (:cg 9+ %ij). We note here
that when ¢ = 2, then z;/ , is same as the vertex unique vertex u € C;, which is adjacent to
a vertex in Cj. <

» Lemma 11. Fori, j € [t], where i # j let (u*,v*) be the unique edge between C; and C; with
u* € C; andv* € Cj. There is exactly one path, namely (c;, u*, 2% - -- Ty gy Zig LY gy Ll
, 0%, ¢j) in G' between ¢; and ¢; that has at most k edges.

Proof. Consider i,j € [t], where i # j. Let u* € C;, vi € C; be the vertices such that
(u*,v*) € E(G"). Also, let P be a (simple) path between ¢; and ¢; with at most k edges in
G'. By construction of G’, P contains an edge (¢;,u) and an edge (v, ¢;), where u € C; and
v € O}, respectively. Recall that for r € [(—2] we have L%, = UiUD: U{z¥" | j € [t]\{i}},
LS =Gy, Ly, = UJUDIU{ai” | ' € [t]\{i}}, and LY’ = C;. Moreover, for all r,7’ € [(—1]

2017
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we have L& N L7 = (), and there is no edge between a vertex in L& and a vertex in Li7.
From Lemma 10 we know that P contains the vertex z;;. If £ = 2, then the claim trivially
follows Otherwise, for each w € {¢;,¢;} and r € [¢ — 1], P contains exactly one vertex from

- Also, from Lemma 10 we know that (Y 5, 2ij), (zij, 20 ,) € E(P) Therefore, P either
contams a sub-path P; from ¢; to xe 5 and a sub- path PQ from xé o to ¢; or it contains a
sub-path P| from ¢; to 17572 and a sub-path Pj from %72 to ¢;. Consider the case when P
contains a sub-path P; from ¢; to :r:zi2 and a sub-path P, from xz{ 5 to ¢j. Since P is simple
path therefore, E(Py) N E(Py) =0, and V(P) NV (P,) = 0. Moreover any path from ¢; to

x}" , contains at least ¢ edges. This is implied from the fact that ;" , € Ly’ |. Similarly, any

41
path from c¢; to xl , contains at least £ edges. But then P contains at least+2€ +1 > k edges.

Next consider the case when P contains a sub-path P| from ci to :cg , and a sub-path P,
from ace 5 to ¢;. Notice that the shortest path from ¢; to 7 ; has at least £ — 1 edges. This
follows from the fact that xzf2 € L;" . Similarly, the shortest path from %72 to c; has at

least £—1 edges. This implies that Pj and Pj both have exactly £—1 edges. We now show that

Pl = (c;,u* 2, .z, ). Consider the smallest number r € [( —2] such that 27 | ¢ V(P))
and z;/ € V(P]). Here, for 7 = 1 we assume that z,) ; = u*. If such an r does not exists
then we have P| = (c;,u*, 2%, x) ,). This follows from the fact that x5, € V(P]), and

the unique vertex in C; that is adjacent to xij is u*. We now consider the case when such an
r exists. Recall that for each ' € [¢ — 1] we have |V(P{) N L;;| = 1. Therefore, there exists
z € LY ; NV (P]). By construction of G’ (and r), we have (z,z%) ¢ E(G’). This together
with the fact that for each ' € [¢ — 1] we have |V (P{) N L}
not exist. This concludes the proof. |

= 1 implies that such an r does

» Lemma 12. Let G be a yes instance of k-COLORING, and ¢ be one of its solution.
Furthermore, let cg : E(G") — [k] be the coloring given by Definition 9 for the coloring ¢ of
G. For alli € [t], and u,v € V(C;))U{z;; | j € K]\ {i}}u{ai¥ | j € [t]\ {i},r € [¢ —2]}
there is a rainbow path between u and v in G.

Proof. Consider i € [t]. Recall that V(C;) = {¢;} UC; U{ul,,d., | r € [( —1],p € [k]}. Let
Ui = Upepp—1 UL, Di = Upepe DL, X = {2 | je [t]\{i},re [0 —2]},and Z = {z;; | j €
[k] \ {¢}}. We consider pairs of vertices in the following sets.

Alz{(cz,v)|v€UiUDiUXiUZ}.
Ay = {(u,v) |u e Cive (U; \UH) U (D;\ D) U X; UZ}.
As ={(u,v) |u#v,u€eU,veU; UD;UX,UZ}.
Ay ={(u,v) |u#v,u€ D;,ve D;UX;UZ}.
As = {(u,v) |u#v,u€ X;,ve X;UZ}

We now show that each pair in U,.¢[5) A, has a rainbow path between them. We will argue
only about non-adjacent pairs of vertices.

For each z € X; U Z, by construction of cg (and G’) it follows that there is a rainbow
path between c; and z (see item 1 and 2 of Definition 9). For p € [k], let vy € C; be

a vertex such that cg(c;,v;) = p. For p € [k] the path (ciiv;piluip) is a rainbow

path between ¢; and uf,, (see item 1 and 3 of Definition 9). Similarly, (c; ilv;H i)

is a rainbow path between ¢; and dj,. For r € [( —1]\ {1} and p € [k] the path

k—1 & k 1 3 i r—1 4 . . . i /
(e v} uly —uby - Ul 1y(ro1) u,,,) is a rainbow path between ¢; and u;,, in G

(see item 1, 3, and 6 of Definition 9). Similarly, for r € [¢ — 1] \ {1}, p € [k] the path
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ptr— 2dz

2(p+r—2) - dq

PJFT * PJFT 1 44
(ci d (r—1)(p+1)

Uptr (ptr—1)
c; and dy,, in G'.
Consider v € C;. For a vertex z € Z, the path (vﬁuﬁliu& e uéfz(hz) eju@fl)(hlfi
z) is a rainbow path between v and z in G’ (see item 3, 6, and 7 of Definition 9). For

P-dl.,) is a rainbow path between

r e [(—1]\{1} and p € [k] the path (v-"ui, Lub, - uéT_l)(r_l)T_l +.p) is a rainbow path
between v and uj,, in G’ (see item 3 and 6 of Definition 9). Similarly, for € [¢ — 1]\ {1},

p+r—1 4 p+r—2 44 p+1 p
p € [K] the path (v"=="dy )" dy gy i gypr2) Ay

rainbow path between v and d.., in G'. For z¥, where j € [t] \ {i} and r € [( — 2] the

i) isa

1 5 1 TN . T
path (v*ui, Lui, .- —1)(r— 1)T ul,-"z¥) is a rainbow path between v and z¥ in

G’ (see item 3, 5, and 6 of Definition 9).
Consider a vertex u.,, where r € [( — 1] and p € [k]. Also, consider a vertex uf,, where

sel— 1} \{r} and g € [k;] Without loss of generality we assume that r < s. The path

i p +1 pts—r—1 ; . . i
(upy (T+1)(p+1) U(S D (pts—r—1) ul,) is a rainbow path between u;,, and

ul, in G’ (see item 6 of Definition 9). Consider a vertex d.,, where s € [(—1]\{r} and q €

sq?
+1 i +s—r—1
[k} If r < s then the path (dsq d(5 1)(q+1)q d(s 9(+2) d(r+1)(q+s—r—1)q — Uy,)

is a rainbow path between u/., and d;, in G’ (see item 6 and 8 of Definition 9). Otherwise,

; ; 1 2 ; .
s < r and the path (d},*u’ Tty ot : TETTyi ) s a rainbow

: gty Ystn(gr) T Y1) (gts—r) P
path between dg, and u;,. Consider a vertex =/ € X;, where s € [( — 1]\ {r}. If r <
then the path (uf, " u(,, )41 prl ULy o) PESTTLGY s a rainbow path between

uf,p and 2% in G’ (see item 5 and 6 of Definition 9). Otherwise, r > s, and the
p+1 i p+r s—1 4; p+r s

path (u, = di 1) o) pra) Hstpir—s-1) Ao (prr—s—1)

rainbow path between u,,p and % in G’ (see item 5, 6, and 8 of Definition 9). Roughly

speaking here, using di(erTfol) as a neighbor of 2% is just a choice so as to make all

i) is a

the edges in the path to have colors in ascending order. For a vertex z € Z the path (uip

i p+1 i p+l—r—1 . . 1 . ’
UG pa1) T W) (prl—r—1) z) is a rainbow path between u;,, and 2 in G

(see item 6 and 7 of Definition 9).
Consider a vertex di.,, where r € [{ — 1] and p € [k]. Next, consider a vertex dZ,, where
s € [0—1]\{r} and ¢ € [k]. Without loss of generality we assume r < s. The path

(dz q+s—r— 1dz

(r+1)(g+s—r—1) dzs_l)(q+1)idiq) is a rainbow path between d., and d,

in G’ (see item 6 of Definition 9). For z € Z the path (dip@dirﬂ)(rﬂ) e dz@_Q)(e_Q)

Zildfzfl)(efl) £2) is a rainbow path between di, and z in G’ (see item 6 and 7 of
Definition 9). For 2%, where s € [¢ — 1]\ {r} consider the following. If r < s then
the path (dipwdzrﬂ)(rﬂ) . -~d(571)(S Ho i, *Hgid) is a rainbow path between i,
and ¥ in G’ (see item 5 and 6 of Definition 9). Otherwise, s < r, and the path

1 P 5 ZD+1'L 7 P‘H”Slz P‘H’S'L
([ Al sy dr2)pr2) " ot (ptr—s-1) Aypir—s—r) — )

bow path between d,. and 2%/ in G’ (see item 5 and 6 of Definition 9). Here, we have
selected d° as the neighbor of 2% in the rainbow path we construct instead of
ypirs)
choose other vertices as well.

Consider a vertex z%/, where j € [t]\ {i} and r € [( —1]. For all x € {2 | s € [( — 2]}, by
the construction of G’ and cg we have a rainbow path between zl? and x% (see item 2 in

is a rain-

s(p+r—s—1)
is just for ensuring that all edges have coloring in ascending order, but we can

the Definition 9) For a vertex %', where j' € [t] \ {i, j } by construction of cg the path
(29 uly, uly, 29') is a ralnbow path between z%# and z%" (see item 5 and 9 of Definition 9).
Next, consider a vertex %" where j' € [t] \ {j} and s € [¢ — 2] \ {r}. Without loss of

; 1 1
generality we assume that r < s. The path (z%-" Zr(r+1) = u(r+1)(r+2) S(s+1)s+ 2"
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is a rainbow path between x% and z% (see item 5 and 6 of Definition 9). For 2 € Z, the
path (xijiuj(rﬂ)7i1uzr+1)(r+2) e u@fl)eiz) is a rainbow path between x¥ and z (see
item 5, 6, and 7 of Definition 9).

<

» Lemma 13. Let G be a yes instance of k-COLORING, and c be one of its solution.
Furthermore, let cg : E(G') — [k] be the coloring given by Definition 9 for the coloring ¢ of G.
For alli,j € [t] wherei # j, u € V(Ci)U{ziy | 5" € [K]\{i}}U{z¥" | 5" € ]\ {i},r € [(—2]}
and v € V(C;)U{zjir | i' € K]\ {j}} U{zd | 7 € [t]\{j},r € [ — 2]} there is a rainbow path
between u and v in G'.

Proof. Fori € [t], let U; = Ure[g,l]Uf., D; = Ure[g,qu., X, = {xﬁj | jet\{i},re[¢—1]},
and Z; = {z;; | j € [k]\ {i}}. For i,j € [t], where i # j we consider the pairs in the following
sets.

A ={(ci,v) |[ve{g}UC;UU; UD; UX; U Z;}
Ay ={(u,v) |ue C,ve C;UU;UD; UX,; U Z;}
As ={(u,v) |ueU;,veU; UD; UX; UZ;}

Az = {(u,v) |u € Dy,v € D; UX,;UZ;}.

Az ={(u,v) |u € X;UZ;,ve X;UZ.

Notice that to prove the claim it is enough to show that for every pair in U,.¢[5 4, there
is a rainbow path between them in G’. For p € [k], let v; € C; be a vertex such that
cr(ci,vy;) = p. Next, we show that there is a rainbow path between every pair of vertices in

Ure[5]Ar-

Recall that by construction of ¢g (and G') we have a rainbow path between ¢; and ¢; (see

item 1 and 2 of Definition 9). For v € C; the path (cz — vk 1Lu11 Lty - - “2@71)(671)4;1

d?é—l)é ¢ d(é 2)(e+1) dg(%_?))% Sd{(% 2)%—_21)) is a rainbow path between ¢; and v in

G’ (see item 1, 3, 6, and 7 of Definition 9). For uf,, where r € [( — 1] and p € [k]
k=1 4 k 1o ; =2 ; -1 ¢

the path (¢;"— vy ~uj;— “122"'“24 2)(¢—2) “& 1)(e—1) de 1)¢ d(z 2)(e+1) "

dgr+1)(2€—r—2)2é_r de (20—r 1)261 1uip) is a rainbow path between ¢; and ul, in G’

(see item 1, 3, 4, 6, and 7 of Definition 9). For dJ,, where r € [{ — 1] and p € [k}
k—1 « k 1 4 i =2 4 —1 35 4

the path (¢;"—vi_ 1~ Uiy~ udy Uy oyay — Uenye—1) — L1y d(e 2)(6+1)

d{r+1)(227r72)2£—r 2clﬁdp) is a rainbow path between ¢; and dJ,, in G’ (see item 1, 3,

6, and 7 of Definition 9). For zJ¢, where r € [¢ — 2] by construction of cg and G’ we

have rainbow path between ¢; and 27¢ (see item 1 and 2 of Definition 9). For xf;i/,

where i’ € [t]\{4,j} and r € [¢ —2] consider the path (cikilv; 1£u§1iu§2 e 1@72)(@72)
= -1 ¢ j 20—r—2 U1 G’ re o s
Ug—1)(e—1) dfz 1)¢ d(z 2)(e+1) dzr+1)(2€—r—2) - di(ze r—1) ") is a rain-

bow path between c¢; and xﬁl in G’ (see item 1, 3, and 5-7 of Definiton 9). For zj; by
construction of cg and G’ we have rainbow path between c¢; and zj; (see item 1 and 2 of

. ) . k-1 E i 1 ;
Definition 9). For zji, where i' € [t] \ {4, j} the path (¢;™—vj_;—uj;—ujs Uy _o)p_o)
=2 & (- 1)E ! d(£ De-1) ¢ —2zji) is a rainbow path between ¢; and z; in G’ (see item

1, 3, and 5-7 of Definiton 9).
Consider v € C;. For v € Cj the path (uiuiliuér--u@ﬁwﬁ) eju’@fl)(lil)u

dze 1ye ¢ d(é 2y (e+1) dg(%_S)% Sd{(% 2)28—721)) is a rainbow path between u and v in
G’ (see item 3, 6, and 7 of Definition 9). For u{_p, where r € [¢ — 1] and p € [k] the path

=2

k, i 1 4 i £—1 L 20—r—2
(u—uu—u22~--u@,2)(@,2) “(z 1)(£—1) d(z 1)¢ d(e 2)(e+1) dj o

(r+1)(26—r—2)



Akanksha Agrawal 23:15

J 20—r—1
dT(%—r— 1)

Definition 9). For dJ.,,, where r € [(—1] and p € [k] the path (u utut Lk, - (é (e—1)
& g

(e—1)¢ (£—2)(e+1) " ° d(r+1)(2577‘72) ,,,
G’ (see item 3, 6, and 7 of Definition 9). For zZ* | where ¢’ € [t] \ {j} and r € [¢ — 2]
1o ; =1 ¢ g j 20—r—2
the path (u-"uf;+uby - CUl_yeeny Gy Deenyery T epny@emresy
dr(22472) 2=r=1 431"y is a rainbow path between u and zi in G’ (see item 3, and

ul,,) is a rainbow path between v and uf,, in G’ (see item 3, 4, 6, and 7 of
1 -1

Hor=2 d’ ) is a rainbow path between u and drp in

5-7 of Definiton 9). For zj;;, where ¢ € [t] \ {j} the path (utud b, - "“éz 2)(t—2)

=2 éz (- 1)6 ! d(é Die-1) ¢ ;i) is a rainbow path between u and z;; in G’ (see item

1, 3, and 5-7 of Definiton 9).
Consider ui where 7 € [( — 1] and p € [k]. For ul, where s € [{ — 1] and ¢ € [K]

+1 i p+l—1—r j p+l—r
the path (u) Euly 1) (i) Uraryar) T Wy @re-1on | Ueenyren |
d] . d p+2l—r—s—2 35 p+2l—r—s—1
(0—=2)(p+L+1—7) ° (s+1)(p+20—r—5-2) s(p+20—r—s—1) ]
bow path between u;,, and u, in G’ (see item 4, 6, and 7 of Definition 9). For d}, where
p+1 i +L—1—1
s € [(—1] and q € [k] the path (u? “(r+1)(p+1) u(r+2)(p+2) - “(271)(p+4717r)p —
J prb=r i p+20—r—5—2 ;5
A1) (prte—r) Bo_oyprerior) " Hortyproeros—z) | diq) 1
path between u,, and dJ, in G’ (see item 4, 6, and 7 of Definition 9). For 3", where 7’ €
; i i +1 4 i +l—1-r
[t/\{j} and s € [(—2] the path (u;. L“(r+1)(p+1)7* Uirt2)(p+2) " “(e-1)(;;+z-1—r)p o
dj . dj p+20—r—s— 2d] pt+2l—r—s—1
(=1)(p+e—7) (s+1)(p+20—r—s-2)

s(p+20—r—s—2)
bow path between wu;, and xji in G’ (see item 5 to 7 of Definition 9). For z;,

J }is a rain-
ul,) is a rain

is a rainbow

Y
Ji'y in-
xJ") is a rain

q
+1 ; pHe—2—r
where i’ € [t] \ {j} the path (u; Upp™— (’r‘—‘,—l)(p—‘,—l)rf uzr+2)(p+2) o UEZ—Q)(p+1€—2—r) n
; pHl—1—r j +o— . . ;
“2@—1)(p+e—1—7~) — d{éfl)(erEflfr) pres szi/ is a rainbow pat between u;,, and zj;s

in G’ (see item 4, 6, and 7 of Definition 9).
Consider d}., where r € [( — 1] and p € [k]. For d,, where s € [{ — 1] and ¢ € [k] the path

?q?
i P p+1 2 i p+e—1-r p+e—r
(i) Wgypra) “<r+2>(p+3> S Uy | e
j pt+l+1—r j p+20—r—s—1 35 \ . .
d{[—l)(p—i—[-&-l—r) d{e 2) (p+-e42—7) d (s+1)(p+20—r—s—1) —  di,)isarainbow

path between d;., and d/, in G’ (see item 4, 6 and 7 of Definition 9). For 237 where i’ € [t]\

. ; poi pl p+2 -
{j} and s € [{—2] the path (d},, " ;(pﬂ) u(r+1)(p+2) u(r+2)(p+3) Uy (prl—1—7)
p+€_71_rui pHl—r d] pHL+1—r dJ . d

(£—1)(p+£—r) (e— 1)(p+€+1 r) (—2)(p+L+2—1) (s+1)(p+20—r—s—1)

p+2€r91dj +2Lr9

. v
ji’ 3 ) Ji'; !
S(p20—r—s—1) zl") is a rainbow path between d;, and =" in G

(see item 4-7 of Definition 9). For zjy where i’ € [t] \ {j} the path (d}, ™ ul,
p+1 p+2 i i pHl=1—-r pHL=r i
T Uty Y)Y Yenmren) e

pHitl=r zjy is a rainbow path between di, and zj; in G’ (see item 4, 6 and 7 of

Definition 9).

For 29 and 277 where i’ € [t]\{j} and r, s € [k] the path xijr;ldfn(rd)BuirLuz('rH)(TH)

i -1 4 20—5—2 20—s5—1
“(zq)(zq)fd(e 1)¢ d(z 2)(z+1) "dfs,l)(%,s,g) djs(ze s—2)
bow path between z# and 27" in G’ (see item 4 to 7 of Definition 9). For z¥ and
zj» where i € [t] \ {j} and r € [¢ — 1] the path z%™ di (r—2) i u(r+1)(r+1)
“ée—l)(z—l)é 1dze e-1) zﬂ/ is a rainbow path between z¥/ and zj; in G’ (see item
4 to 7 of Definition 9).

o .
zJ* is a rain-
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We now establish equivalence between the instance G of k-COLORING and the instance
G’ of RAINBOW k-COLORING.

» Lemma 14. G’ is a yes instance of k-COLORING if and only if G' is a yes instance of
RAINBOW k-COLORING.

Proof. In the forward direction, let G be a yes instance of k-COLORING, and ¢ : V(G) — [k]
be one of its solution. Let cg : E(G’) — [k] be the coloring given by Definition 9 with the
given coloring ¢ of G. From Lemma 12 and 13 it follows that cp is a solution to RAINBOW
k-COLORING in G'.

In the reverse direction, let G’ be a yes instance of RAINBOW k-COLORING, and cp :
E(G’) — [k] be one of its solution. We create coloring ¢ : V(G) — [k] as follows. For i € [t]
and v € C;, we let ¢(v) = cg(c;,v). We show that ¢ is a valid solution to k-COLORING in
G. Consider (u,v) € E(G), where u € C; and v € C;. Note that we have ¢ # j. Let P be a
rainbow path between ¢; and ¢; in G'. Note that P can have at most k edges. By Lemma 11
we know that P = (¢;, u, xij, e ,mé{Q, Zijs x%iy e ,x{i, v, ¢;) therefore, by construction of
¢, we have that cr(c;, u) = c¢(u) # ¢(v) = ¢gr(c;,v). This concludes the proof. <

» Theorem 15. RAINBOW k-COLORING does not admit an algorithm running in time
20 E(@NpOW) " unless ETH fails. Here, n is the number of vertices in the input graph, and k
is an even number greater than 3.

Proof. Follows from construction of an instance G’ of RAINBOW k-COLORING with |E(G’)| €
O(|JV(Q))) for a given instance G of k-COLORING with maximum degree bounded by 2(k — 1),
Lemma 14, and existence of no algorithm running in time 2°)n®®) for k-COLORING on
graphs of maximum degree 2(k — 1) (assuming ETH). <

4.3 Lower Bound for Rainbow k-Coloring, £ > 3 and odd

In this section, we show that RAINBOW k-COLORING does not admit an algorithm running
in time 2°UEEDROW) for every odd k where k > 3. Here, n is the number of vertices in the
input graph.

Let G be an instance of k-COLORING on n vertices with maximum degree bounded by
2(k — 1). Here, k > 3 and k is an odd number. We start by computing (in polynomial
time) a harmonious coloring ¢ of G with ¢ € O(y/n) color classes such that each color class
contains at most O(y/n) vertices [11, 15, 24, 28]. Let Cy,Cs, -+, C; be the color classes of
¢. From the discussion in Section 3, we assume that for ¢, j € [t], ¢ # j there is exactly one
edge between C; and C; in G. As discussed in Section 4.2, we modify the graph G and its
harmonious coloring ¢, to obtain a more structured (equivalent) instance of k-COLORING.
This is achieved by adding k new vertices v}, v}, -+ , v}, to C; (and G) for each i € [¢]. The
purpose of adding these k new vertices is to ensure that if G is a yes instance of k-COLORING
then there is a k-coloring ¢ of G, such that for each i € [t] and j € [k], we have ¢~ (j)NC; # 0.
Hereafter, whenever we talk about a solution ¢ to k-COLORING in G (if it exists) we will
assume (without explicitly mentioning) that for all i € [t] and p € [k] we have C;Nc™1(p) # 0.
We now move to description of the reduction.

We first describe the color class gadget C;, corresponding to each color class C;, where
i € [t], and gadgets to encode edges in G. We also have a link vertex which is connected to
all color class gadgets (but not all vertices). After this, we state connections between color
class gadgets and edge gadgets. We let kK = 2¢ + 1, where ¢ € N and ¢ > 2. We create an
instance G’ of RAINBOW k-COLORING as described below (see Figure 3).
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Figure 3 An illustration of (partial) construction the instance G’ of k-COLORING, where k > 3
and k is odd.

Color class gadget. Consider i € [t]. The color class gadget C; comprises of the set C;, a
vertex ¢;, and a clique sequence Z; = (U{UD},--- ,Uj_,UDj_,) of order (2k,{—1). Here,
for each i € [¢ — 1] we have |Us| = |D;| = k. For r € [ — 1] we let U} = {ul, | p € [k]}
and D}, = {d., | p € [k]}. We add all the edges in {(c;,v) | v € C;} to E(C;). Also, we
add all the edges in {(v,w) | v € C;,w € Ui UD}} to E(C;).

Link vertex and its connection to color class gadgets. We add a vertex z to G’. For each
i € [t], we add all the edges in {(z,w) |w € U}_, UD} ,} to E(G).

Edge gadget. Consider i,j € [t] with i # j. Recall that there is exactly one edge between
C; and C;. Corresponding to this edge we create a path P = (a:ij, e ,xé{l, xiil, e ,x]ll)
on k — 3 vertices, and add it to G’.

Connection between color class gadgets and edge gadgets. Consider ¢, j € [t], where i # j.

Let (uj,v}) be the unique edge between C; and C; with u} € C; and vj € C;. We add the
edges (uf,z7), (x{l,v;) to E(G"). For each r € [¢ — 1] we add all the edges in {(z¥/,w) |
w € Ul UD:} to E(G'). Similarly, we add all the edges in {(2%',w) | w € U U Di} to
E(@).

This finishes the construction of the instance G’ of RAINBOw k-COLORING for the given
instance G of k-COLORING. Before moving on to proving the equivalence between these
instances, we create an edge coloring function cg : E(G’) — [k]. Here, we create cg based on
a solution ¢ to k-COLORING in G, assuming that is G' a yes instance of k-COLORING. We
will follow computation modulo & (color 0 is same as color k).

» Definition 16. Given a solution ¢ to k-COLORING in G, we construct cg : E(G") — [k] as

follows.

1. For i € [t], and v € C; we set cr(v,¢;) = c(v).

2. For i,j € [t], i # j let (uj,v}) be the unique edge between C; and C;. Consider the
Jv *)

path P = (uf, 2y, -y 23", -x]',v7). We arbitrarily assign unique integers in

23:17
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(k] \ {c(uy), c(v})} to cr(e), for each e € E(P).
3. Fori e [t], a vertex v € C; U {z? | j e [t]\ {i}}, and p € [k] we set cr(v,ui,) =p—1,
and cg(v,dj,) = p.

4. Forie [t], r e[ —1], and p,q € [k] we set cgr(dL,,uL,) = D-

5. For i,j € [t], where i # j, r € [ —1], and p € [k] we set cg(x,ul,) = p, and
cr(ay,d,) =p+1.

6. For i €[t], r €€ —2], p,q € [k] we set cR(dfrﬂ)p,df.q) = p, and CR(UZ-p7U§r+1)q) =p.

7. For i€ [t], p € [k] we set cR(ul(vgfl)p,z) = p, and cR(d’@fl)p,z) =p—1.

8. Forielt], re[l—2], pqe [k] weset cr(u ip,d2T+1)q) =q and cR(uéTH)p,diq) =p.

9. Forallie€ [t], r € [{], p,q € [k], where p # q we set cr(ul,, ul,) = k.

10. For all the remaining edges in E(G’), cg assigns it an 1nteger in [k] arbitrarily.

For a vertex v € V(G'), by T, we denote the breadth first search tree in G’ with v as the
root vertex. We let L = {v}. For i € [n], by LY we denote the set vertices which are at a
distance ¢ from v in T,,. Here, the distance between u € V(G’) and v denotes the number of
edges in the unique path between v and v in T,.

Next, we prove some lemmata that will be useful in establishing the equivalence between
the instance G of k-COLORING and the instance G’ of RAINBOW k-COLORING.

» Lemma 17. Fori,j € [t], where i # j, let P be a path between c; and c; with at most k
edges in G'. Then (z;) ,xy |) € E(P).

Proof. Consider i,j € [t], where i # j. Let P be a path between ¢; and ¢; with at most
k edges in G'. Recall that N(c;) = C; and N(c¢;) = C;, where C; N C; = (0. Therefore, P
must contain an edge (¢;,u) and (v, ¢;), where u € C; and v € C; (u # v). We consider the
breadth first search trees T,, and Tc,. We start by looking at first £ levels (including level
0). Notice that for r € [¢ — 1] we have L' ; = Ul U DL U {xij/ |7 €[]\ {i}}, and LT = C;.
Slmllarly, for r € [ — 1] we have L’ , = U U DI U {2 | " € ]\ {j}}, and L = C;. For
all 7,7 € [f] we have L% N L7 = (. Therefore, for each w € {c;,¢;} and r € [¢], P must
contain a vertex from LY. This implies that P must contain at least 2¢ + 2 = k + 1 vertices.
Since P is a path on at most k edges between ¢; and c;, P must contain exactly one vertex
from each L}, where w € {¢;,¢;} and r € [¢ — 1]. Moreover, the vertices uj;_, € Ly NV (P)
and vj_; € L NV(P) must contain an edge between them. By construction of G’', there is
exactly one edge, namely (wz 1 xe 1) between a vertex in L;" and a vertex in L . Therefore,
P must contain the edge (z}/ |, 2}’ ,). <

» Lemma 18. Fori,j € [t], wherei # j let (u],v}) be the unique edge between C and C; with
ui € C; and v} € Cj. There is exvactly one path, namely (c;, u;, . xzj 1 mz e xlt vt

J
,¢;) in G' between ¢; and c; that has at most k edges.

Proof. Consider 4, j € [t], where i # j. Let uj € C;, v € C; be the vertices such that
(uf,vy) € E(G"). Also, let P be a (simple) path between ¢; and c; with at most k edges in
G'. By construction of G’, P contains an edge (¢;,u) and an edge (v, ¢;), where u € C; and
v € Cj, respectively. Recall that for r € [ —1] we have Ly’ ; = UUDLU {zid" | j' e [t]\ {i}},
L7, =UluDiu {xd" | i" € [t]\ {i}}, LY = Cy, and LY = C;. Since for all 7,7/ € [(] we
have L% N L = (). Therefore, for each w € {c;, ¢j} and 7 € [¢], P contains exactly one
vertex from LY. From Lemma 17 we know that (z 2" )) € E( ). Therefore, either P
contains a sub-path P; from ¢; to 33471 and a sub-path P, from a:hl to ¢; or it contains a
sub-path P| from ¢; to x?_ , and a sub-path Pj from xéil to ¢;. Consider the case when

P contains a sub-path P; from ¢; to xﬁl and a sub-path P, from x}{l to ¢;. Since P is
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simple path therefore, E(P;) N E(Py) = 0, and V(P;) N V(P;) = 0. Moreover, any path
from ¢; to :vgi_l contains at least £ + 1 edges. This is implied from the fact that xii_l S LZ’H
Similarly, any path from c; to xzj_ , contains at least £ 4 1 edges. But then P contains at
least 2(¢ + 1) + 1 > k edges.

Next, consider the case when P contains a sub-path P| from ¢; to x}j_ ; and a sub-path
P} from xzi_l to c;. Notice that the shortest path from ¢; to xzj_ 1 has at least £ edges. This
follows from the fact that xzﬂ 1 € L. Similarly, the shortest path from xﬁl to c¢; has at
least ¢ edges. This implies that P/ and Pj both have exactly ¢ edges. We now show that

P = (ci,u;-*,xij e ,xzji ,) (and an analogeus argument can be applied for Py). Consider
the smallest number r € [ —1] such that x;” | ¢ V(P]) and x;/ € V(P]). Here, for r =1 we
assume that «;” ; = u}. If such an r does not exists then we have P{ = (¢;,u}, z7,--- , 2/ 1)

This follows from the fact that xz,j | € V(P{), the unique vertex in C; that is adjacent to =}
is uf, and |V (P) N C;| = 1. We now consider the case when such an r exists. Since for each
r’ € [¢] we have |[V(P]) N L:;| = 1 therefore, there exists € L* ; N V(P]). By construction
of G’ (and r), we have (z,2%) ¢ E(G’). This together with the fact that for each 1’ € [¢] we
have |V(P{) N L:;| =1 implies that such an r cannot exists. This concludes the proof. <

» Lemma 19. Let G be a yes instance of k-COLORING, and ¢ be one of its solution.
Furthermore, let cg : E(G') — [k] be the coloring given by Definition 16 for the coloring ¢ of
G. For alli € [t], and u,v € V(C;) U{z¥ | j € [t] \ {i},r € [ — 1]} U {2} there is a rainbow
path between u and v in G'.

Proof. Consider i € [t]. Recall that V(C;) = {¢;} UC; U{ul,,d., | r € [( —1],p € [k]}. Let
Ui = Upepp—1 U}y Dy = Upepe—1 DL, and X; = {a | j € [¢]\ {i},r € [( — 1]}. We will argue
only for non-adjacent pair of vertices, since we trivially have a rainbow path between pair of
vertices that have an edge between them. Therefore, we argue consider pairs of vertices in
the following sets.

Ay ={(¢;,v) |v e U; UD; U X, U{z}}.
As = {(u,v) |u € Ciyv € (U; \U{) U (D; \ DY) U X; U{z}}.
A3 {(w,v) |u#v,ueU;,velU; UD; UX,; U{z}}.
={(u,v) |u#v,u € D;j,ve D;UX;U{z}}.
={(u,v) |u#v,uec X;,ve X, U{z}}

We now show that each pair in U,.c[514, has a rainbow path between them.

For p € [k], let vy € C; be a vertex such that cg(c;,v;) = p. For each x € Xj, by construc-
tion of cg (and G’) it follows that there is a rainbow path between ¢; and z (see item 1
and 2 of Definition 16). The path (¢;" " vf_, i, L ub, - ~-u2_2(e_2) = 2u('é (- 1)(3 =12
is a rainbow path between ¢; and z in G’ (see item 1, 3, 6, and 7 of Definition 16). For
p € [k], the path (cl—v*p—lulp) is a rainbow path between ¢; and uj, (see item 1 and
3 of Definition 16). Similarly, (c; ilv; 1t dip) is a rainbow path between ¢; and dj,,
For r € [( —1]\ {1} and p € [k] the path (¢;" " v;_, Fui, Luby--- u’épl)(rfl)r;luip) is
a rainbow path between ¢; and ul,, in G’ (see item 1, 3, and 6 of Definition 16). Sim-

: T ptr—1 Fr—2
ilarly, for r € [( — 1]\ {1}, p € [k] the path (¢;" vy, "™ di 0 )" dypyr oy
dérfl)(p+2) Hd;(pﬂ) d,) is a rainbow path between ¢; and d.., in G'.

Consider v € C;. The path (vFui,*ub, - “Ulp_g)(e—2) =2 25—1)(2—1)6;1 z) is a rainbow

path between v and z in G’ (see item 3, 6, and 7 of Definition 16). For r € [¢ — 1] \ {1}
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and p € [k] the path (vFui, Tui,--- UWr_1)(r—1) — —lui) is a rainbow path between v

and ul, in G (see item 3 and 6 of Definition 16). Similarly, for r € [¢ — 1]\ {1}, p € [K]

p+r—1 4 p+r—2 4 p+1
the Path (0" ) B2 Uenypin) U1y prn)” @

path between v and di., in G’. For )/, where j € [t]\ {i} and r € [¢ —1] the path (v-Fui,

1 i r—1 1 i T igN s . i , .
—Ubg - u(r Dr—1) — Upr— Ty ) is a rainbow path between v and =% in G’ (see item 3,

5, and 6 of Definition 16).
Consider a vertex uf.,, where r € [{ — 1] and p € [k]. Also, consider a vertex ul,, where

se[¢—1]\{r} and g € [k]. Without loss of generality we assume that r < s. The path
(ut,Pu %r+l)(p+l)li1 . -uz('s_l)(p_irs_r_l)pﬂj’*luéq) is a rainbow path between u®  and

p
ul, in G’ (see item 6 of Definition 16). For a vertex d.,, where s € [( — 1]\ {r} and

q € [k]. If 7 < s then path (d-*d! d ey

(s=1)(q+1) " C(r41)(gts—r—1) — Urp

path between uf,, and d., in G’ (see item 6 of Definition 16). Otherwise, 7 > s and
i i +1 4 +2 4 i +r—s i
the path (dsqiys(qﬂ)qf u(sﬂ)(ﬁz)q—u(HQ)(ﬁg) e u(rfl)(qﬁ»rfs)q ~ "u,,,) is a rainbow
path between u;,, and di, in G’ (see item 4 and 6 of Definition 16). For a vertex 2% € X,
. p+1 i +s—r i
where s € [(—1]\{r} and j € [t]\{i} the path (u,*- (7+1)(p+1) U (s ) P2
is a rainbow path between ., and z% in G’ (see item 5 and 6 of Definition 16). The path

i P pEL pHl=r=1_y . : i
(g Uy 1)(pt1) Wi 1)(ptt—r—1) z) is a rainbow path between u;.,, and z

in G’ (see item 6 and 7 of Definition 16).
Consider a vertex d,, where 7 € [( — 1] and p € [k]. Next, consider a vertex d,,
where s € [( — 1]\ {r} and ¢ € [k]. Without loss of generality we assume r < s. The

i q+s—r—1 4
path (d;, "= A1y (gts—r—1) "

".») is a rainbow

) is a rainbow

+diy_1)(g+1)"sg) I8 & rainbow path between d;,, and

i . . ey i P+1 4 i
in G’ (see item 6 of Definition 16). The path (d.," i1y i) " Uo—2) (prt—r—2)
p+€ r— ZdZ p+l—r—1

(—1)(p+t—r) — 2)is arainbow path between di, and z in G’ (see item 6 and
7 of Definition 16). For 2%, where s € [{—1]\{r} and j € [t]\{i} consider the following. If

i p+1 i p+2 i pts—r gi pts—r+1_ij
r < s then the path (d}, d(7+1)(p+1) d(‘g D (pts—r—1) d@(p+9 o wd)

is a rainbow path between d},,. and =¥/ in G’ (see item 5 and 6 of Definition 16). Otherwise,

i p+1 i
s <rand the path (d, = df,_)(p40) ™ diy_a)pr2) oty pr—sm) Stpbr—s—1)
p+1‘—5

2'7) is a rainbow path between df,. and 2% in G’ (see item 5 and 6 of Definition 16).
Consider a vertex 2%, where j € [t] \ {i} and r € [ —1]. For all z € {2¥ | s €
[¢ — 1]}, by the construction of G’ and cr we have a rainbow path between x% and
z% (see item 2 in the Definition 16) For a vertex z', where j/ € [t] \ {4, 7} by
construction of c¢g the path (i, ul,, ul,, z¥") is a rainbow path between z¥ and z%

(see item 5 and 9 of Definition 16). Next, consider a vertex % where j' € [t] \ {Z,]}

and s € [¢ — 1]\ {r}. Without loss of generality We assume that » < s. The path
(o Tty P
r T(T+1) (r+1)(r+2) a(r-‘rl-‘rs r)

2% (see item 5 and 6 of Definition 16). The path (z%-" i(7,+1)ri1u(r+1)(r+2) e u(z_l)eiz)

is a rainbow path between z%/ and z (see item 5, 6, and 7 of Definition 16).

p+7‘ s— 1dz

is a rainbow path between 2%/ and

<

» Lemma 20. Let G be a yes instance of k-COLORING, and ¢ be one of its solution.
Furthermore, let cgr : E(G') — [k] be the coloring given by Definition 16 for the coloring
¢ of G. For all i,j € [t] where i # j, u € V(C) U {z | j € [t]\ {i},r € [( — 1]} and
vel; U {23 | i € [t]\ {j}.r € [ — 1]} there is a rainbow path between u and v in G'.
Proof. For i € [t], let U; = Upep—1)U}, Di = Upepe—1y D, and X; = {2 | j € [t]\ {i}.r

[¢ —1]}. For i,j € [t], where i # j we consider the pairs in the following sets.
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C;, U ) "U S {Cj}UCjUUjUDjUXj}.

U, v ) ‘UECi,’UEOjUUjUDjUXj}.

u,v) |ueU,velU; UD; UX;}.

u,v) |u € D;,v e D; UXj}

u,v) |ue X;,ve X;}

Although, Uyrefs)Ar does not contain all the pairs in (V(C;) U X;) x V(C; U Xj), but it is
enough to argue about pairs of vertices in U,.¢[5)4,. This follows from the fact that for all the
missing pairs in U,.¢c[5)A,, we can obtain rainbow path by a symmetric argument (swapping
roles of 7 and 7). Next, we proceed to prove that we have a rainbow path between every pair
of vertices in U,.¢[5 A

A3:

)

= {(

= {(

A3 ={(
{(

(

Recall that by construction of cg (and G’) we have a rainbow path between ¢; and

c; (see item 1 and 2 of Definition 16). For v € C; the path (¢;" v Fui, L ub, - -

L4145 2£—2 20—1
Wemnye-ny) Yooy ean) T Hemayern) ez Haemny ) is a rainbow path

between ¢; and v in G’ (see item 1, 3, 6, and 7 of Definition 16) For ! , where

TP
; -1 ¢
r€[¢—1] and p € [k] the path (¢;"=v;_Fuf,uby - ufy_y 2) Py ey 2

L+1 35 20—r—1 20—r
d{z 1 (e4) d'gefz)(ém) . d(T+1)(2¢7T71) dj(% " “="uj,) is a rainbow path between

¢; and ul, in G’ (see item 1, 3, 4, 6 and 7 of Definition 16). For d7,,
k=1 4 kK i i =2 —1_ ¢
[( — 1] and p € [k] the path (¢;"—v}_,~uly ! Uy Up_gye—) — Ule—1)(e—1) F
j 41 2—r—1 i \ .
d&fl)(ul) d(é 9)(e42) " d(r+l)(2€7'r71) — dip) is a rainbow path between c¢; and
di, in G’ (see item 1, 3, 6, and 7 of Definition 16). For 2/, where r € [( — 1] by
construction of cg and G’ we have rainbow path between ¢; and 27 (see item 1 and 2
of Definition 16). For 27, where i’ € [t]\ {i,j} and r € [¢ — 1] consider the path (ci
k=1« ki 1 5 Ui =2 =1, g 415
Vk—1 Uiy Uz~ Up_9)(r—2) “(z 1)(e—1) (6=1)(e+1) (e 2)(6+2)
d{TH)(%iT?l)%ifldi(%frfl)%—rmﬂ ) is a rainbow path between ¢; and z3% in G’ (see
item 1, 3, and 5-7 of Definiton 16).
Consider u € C;. For v € C; the path (uiuﬁliugg u(e 2)(e— 2) uw 1)(e— 1)Z712L

d{z 1)(“1)5 1d€'¢72)(€+2) dj(% 2)2572d{(2€71)25—71v) is a rainbow path between u and

v in G’ (see item 3, 6, and 7 of Definition 16). For uﬁp, where r € [ — 1] and p €
=2 j

ki 1,4 i 0—1_¢ 0+1

[k] the path (u=uiy—uby -+ Uly_g)(g—z) — Ue—rye-1) = He-nyern - Uz

d{r+1)(2£_r_1)2e—r ldi(% r)%_rul ) is a rainbow path between u and v, in G’ (see item

3, 4, 6, and 7 of Definition 16). For dl,, where r € [{ — 1] and p € [k] the path
k i 1 4 Zlé £+1 20—r—1 44

(uugy gy - - (e 1)(£—1) diz 1)(£+1) d%z 2)(e+2) " d(r+1)(2é—r—1) * dip)

is a rainbow path between u and d/,, in G’ (see item 3, 6, and 7 of Definition 16). For

where r €

x3? | where i’ € [t]\ {j} and r € [E — 1] consider the path (u-"ui, *ul, - ~u1@71)(€71)

=1, 0 41 20—r—1 20— PN .
dZe 1)(+1) dfz 2)(e+2) " d(T—i—l)(%—r—l) - df«(ze r—1) —" 2{") is a rainbow

path between v and #7% in G’ (see item 3, 5, 6, and 7 of Definiton 16).
Consider u, where r € [ — 1] and p € [k]. For uJ, where s € [( — 1] and ¢ € [k] the

+1 4 ; p+€—2—r i pHl—1—r
path (u; “(r+1><p+1>r Ursa)pt2) U= pre—2-r)  We-D)prt-1-r) — F
+€ de +€+1 rd] . dj p+20— —r—s— ld]

(—1)(p+L+1—7) (0=2)(p+e+2—r) " (s+1)(p+2L—r—s—1) s(p+20—r—s)

pator= Sugq) is a rainbow path between u,,p and ugq in G’ (see item 4, 6, and 7 of Defini-
: i r+1_ 4

tion 16). For dJ_, where s € [{—1] and ¢ € [k] the path (ut,*- u(r+1)(p+1) iu(r+2)(p+2)

.d’

p+2€7r s5— ld_, )
(s+1)(p+20—r—s—1) sq

sq
l—1— b—r 15
pH=1=r ptlor g

(=1 (p+t+1—r) is a

“2471)(;7%714)
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rainbow path between u., and d/, in G’ (see item 4, 6 and 7 of Definition 16). For

23 where i/ € [t] \ {j} and s € [¢ — 1] the path (uipﬁu’('rﬂ)(p+1)ri1uér+2)(p+2) e

u pHl=l—r ptl-r i ced? pH2t-r—s—1 4j
(£=1)(p+L—1—7) (L=1)(p+e+1—-r) (s+1)(p+2¢—r—s—1) s(p+20—r
p+22;r—s

—s—1) 23%") is a rainbow path between ut, and 2I" in G' (see item 4 to 7 of
Definition 16).

Consider a vertex d, , where 7 € [( — 1] and p € [k]. For dJ,, where s € [{ — 1]

’l“p’ Sq,

i P i p+1 pt+2 i p+l—r
and g € [k] the path (dy, "1, 40) " Uity pr2) Ui @rs) T Ue-D@re-n)
pHLl+1—r 55 pHl4+2—r ;5 J p+20—r—s ;5 . .

ey prera—r oy prers—r) T Asrnyproe—r—s)  dhg) isarain-

bow path between d., and ul, in G’ (see item 4, 6, and 7 of Definition 16). For a3t

. . i i +1 i +2, i
where ¢/ € [t]\ {j} and s € [£ — 1] the path (drpiur(pﬂ)p— u(T+1)(p+2)p— Ulyio)(pi3) "
pl=r pHlEl-T i

pH42-T i ol
(—1)(p+L£+2—r) (0—2)(p+2+3—r) (s+1)(p+2£—r—s)
p+2£ifs+1xgi/)

. . . ISV
is a rainbow path between dy,, and zJ" in G’ (see

Ue—1)(p+e—r)
p+2£;rfsdj
s(p+20—r—s)
item 4, 6, and 7 of Definition 16).

ij ji’ . . iir—1 31 r—2 i r 4
For 2% and 27* where i’ € [t]\{j} and r, s € [(—1] the path 2" — Arirog)— Upp Upi1y(rp1)

ZZifldj —s

_ . . . S,
el ty g ceed? 5(247571)22* zd" isa

U1y (0—1) -1y G- s e
rainbow path between z¥ and x7" in G’ (see item 4 to 7 of Definition 16).

<

We now establish equivalence between the instance G of RAINBOW k-COLORING and the
instance G’ of RAINBOW 3-COLORING.

» Lemma 21. G’ is a yes instance of k-COLORING if and only if G' is a yes instance of
RAINBOW k-COLORING.

Proof. In the forward direction, let G be a yes instance of k-COLORING, and ¢ : V(G) — [k]
be one of its solution. Let cg : E(G’) — [k] be the coloring given by Definition 16 with the
given coloring ¢ of G. From Lemma 19 and 20 it follows that cg is a solution to RAINBOW
k-COLORING in G’.

In the reverse direction, let G’ be a yes instance of RAINBOW k-COLORING, and cp :
E(G") — [k] be one of its solution. We create coloring ¢ : V(G) — [k] as follows. For i € [¢]
and v € C;, we let c(v) = cgr(c;,v). We show that ¢ is a valid solution to k-COLORING
in G. Consider (u,v) € E(G), where u € C; and v € C;. Note that we have i # j.
Let P be a rainbow path between ¢; and ¢; in G'. Observe that P can have at most k

edges. By Lemma 18 we know that P = (ci,u,xij, e ,x@{l,xﬁl, e 71»"?,1/,@7) therefore,
by construction of ¢, we have that cg(c;,u) = c(u) # ¢(v) = cr(c;,v). This concludes the
proof. |

» Theorem 22. RAINBOW k-COLORING does not admit an algorithm running in time
20 E(@NpOW) “unless ETH fails. Here, n is the number of vertices in the input graph, and k
is an odd number greater than 3.

Proof. Follows from construction of an instance G’ of RAINBOW k-COLORING with |E(G’)| €
O(|JV(Q))) for a given instance G of k-COLORING with maximum degree bounded by 2(k —1),
Lemma 21, and existence of no algorithm running in time 2°0"n®W for k-COLORING on
graphs of maximum degree 2(k — 1) (assuming ETH). <
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5 FPT Algorithm for Subset Rainbow /-Coloring

In this section, we design an FPT algorithm running in time O(2/°/n®M) for SUBSET
RAINBOW k-COLORING, when parameterized by |S|. Our algorithm is based on the technique
of color coding, which was first introduced by Alon et al. [2]. We first describe a randomized
algorithm for SUBSET RAINBOW k-COLORING, which we derandomize using splitters.

The intuition behind the algorithm is as follows. Let (G, .S) be an instance of SUBSET
RAINBOW k-COLORING on n vertices and m edges. For a solution cg : E(G) — [k], to
SUBSET RAINBOW k-COLORING in (G, S) the following holds. For each (u,v) € S, there
exist a path P from u to v in G with at most k edges such that for all e, e’ € E(P), where
e # ¢’ we have cgr(e) # cr(e’). Therefore, at most k|S| edges in G seems to be “important”
for us, i.e. if we color at most k|S| edges “nicely” then we would obtain the desired soultion.
To capture this, we start by randomly coloring edges in G, hoping that with sufficiently
high probability we obtain a coloring that colors the desired set of edges “nicely”. Once we
have obtained such a “nice” coloring, we employ the algorithm of Kowalik and Lauri [21] to
check if there is a rainbow path for each (u,v) € S. We note that we use the algorithm given
by [21] instead of the one in [31] because the latter requires exponential space.

Algorithm Rand-SRC. Let ¢: E(G) — [k] be a coloring of E(G), where each edge is colored
with one of the colors in [k] uniformly and independently at random. If for each (u,v) € S,
there is rainbow path between u and v in G’ with edge coloring ¢ then the algorithm return
¢ as a solution to SUBSET RAINBOW k-COLORING in (G, S). Otherwise, it returns no. We
note that for a given graph G with edge coloring ¢, and vertices u and v, in time 2¥nO™)
time we can check if there is a rainbow path between v and v in G’ by using the algorithm
given by Corollary 5 in [21]. This completes the description of the algorithm.

We now proceed to show how we can obtain an algorithm with constant success probability.

» Theorem 23. There is an algorithm that, given an instance (G, S) of SUBSET RAINBOW
k-COLORING, in time 20USIkIogk)nO) cither returns no or outputs a solution to SUBSET
RAINBOW k-COLORING in (G,S). Moreover, if the input is a yes instance of SUBSET
RAINBOW k-COLORING, then it returns a solution with constant probability.

Proof. We start by showing that Rand-SRC runs in time 2n°() | and given a yes instance of
SUBSET RAINBOW k-COLORING, outputs a solution with probability at least 2~ C(SIklogk),
Clearly, by repeating Rand-SRC 2€(SIFlogk) times, we obtain the desired success probability
and running time.

The algorithm Rand-SRC starts by coloring edges in G’ uniformly and independently at
random to obtain a coloring ¢ : E(G’) — [k]. This step can be executed in time O(m). Then,
for each pair (u,v) € S, in time 2#n°(") it checks if there is a rainbow path between u and v
in G for the edge coloring c. If for every pair in S it find a rainbow path between them, it
correctly outputs a solution. The correctness and the running time bound of this step relies
on the correctness of Corollary 5 of [21]. Otherwise, Rand-SRC outputs no. Therefore, we
have the desired running time bound.

Towards proving the desired success probability, assume that (G, S) is a yes instance
of SUBSET RAINBOW k-COLORING, and cr be one of its solution. Moreover, for a pair
(u,v) € S let P,, be a rainbow path in G. Here, if there are many such paths then we
arbitrarily choose one of them. Note that for each (u,v) € S we have |E(P)| < k. Consider
the set Er = Ugy,v)esE(Puv). We now show that the probability with which c|g, = cr|gy
is at least 2~ CUSIklogk)  Notice that there are kPP many distinct colourings of edges in
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G. Moreover, at least klIF(G)I=FISI of these colorings satisfy the desired property (agree with
cr on edges in Er). Thus, we obtain the desired success probability bound. |

We start by defining some terminologies which will be useful in derandomization of our
algorithm (see [12, 29]). An (n,p, {)-splitter F, is a family of functions from [n] to ¢ such
that for every S C [n] of size at most p there is a function f € F such that f splits S evenly.
That is, for all 4,5 € [¢], |f~(i)| and |f~1(j)| differs by at most 1. Observe that when
£ > p then for any S C [n] of size at most p and a function f € F that splits S, we have
|f1()NS| <1, for all i € [¢]. An (n,£,¢)-splitter is called as an (n, ¢)-perfect hash family.
Moreover, for any £ > 1, we can construct an (n, £)-perfect hash family of size e/¢/©1°2%) log n
in time 00 nlogn [29].

We next move to the description of derandomization of the algorithm presented in The-
orem 23. For the sake of simplicity in explanation, we associate each e € F(G) with a unique
integer, say i. in [m], and whenever we refer to e as an integer, we actually refer to the integer
i.. We start by computing an (m, k|S|)-perfect hash family F of size ¢*I5! (l€|S|)O(log 5D 10g m
in time ek|s|(k|S|)O(1°gklstlogm using the algorithm of Naor et al. in [29]. We will cre-
ate a family of function F’ from [m] to [k] of size ek‘s‘(k|S|)O(1ng‘S|)kk‘S| log m. Towards
this, consider an f € F and a partition P = {Py, Pa,--- Py} of [k|S]] into k' sets, where
k' < k. We let fp to be the function obtained from f as follows. For each i € [k'] we have
f;l(z) = Ugep, f (). For every such pair f and P, we add the function fp to the set F'.
We will call such an F’ as (m, k|S|, k)-unified perfect hash family. Observe that F’ has size
at most ek‘“‘;'(k|S\)O(l°gk|S|)k:k|S| logm. We now describe the derandomized algorithm SRC,
which is a result of derandomization of Rand-SRC.

Algorithm SRC. Given an instance (G, S) of SUBSET RAINBOW k-COLORING, the algorithm
start by computing an (m, k|S|, k)-unified perfect hash family F’. If there exists ¢ : E(G) —
[k], where ¢ € F’ such that for each (u,v) € S, there is rainbow path between v and v in G’
with the edge coloring ¢ then we return ¢ as a solution to SUBSET RAINBOW k-COLORING in
(G, S). Otherwise, we return that (G, S) is a no instance of SUBSET RAINBOW k-COLORING.
We note that for a given graph G with edge coloring ¢, and vertices v and v, in time 2¥n°(1)
time we can check if there is a rainbow path between u and v in G’ by using the algorithm
given by Corollary 5 in [21]. This completes the description of the algorithm.

» Theorem 24. Given an instance (G, k) of SUBSET RAINBOW k-COLORING, the algorithm
SRC either correctly reports that (G, k) is a no instance of SUBSET RAINBOW k-COLORING
or returns a solution to SUBSET RAINBOW k-COLORING in (G, S). Moreover, SRC runs in
time 20USDnOW)  for every fived k. Here, n = |V (G)|.

Proof. Suppose (G, k) is a yes instance of SUBSET RAINBOW k-COLORING, and let cp :
E(G) — [k] be one of its solution. For (u,v) € S, let P,, be a rainbow path in G’
Furthermore, let Er = Uy vyes E(Puv). If|Er| < k|S|, we arbitrarily add edges in G to Eg to
make its size exactly k|S|. Since |Eg| < k|S|, there exists f € F that splits Er. Moreover, for
each i € [k|S|], we have |f~1(i)NEr| < 1. Fori € [k],let P, = {f(e) | e € Er and cg(e) = i},
and P’ = {P, | i € [k]}. Notice that P = P’ \ {0} is a partition of [k|S|] into at most k
parts. Therefore, the function fp € F'. Moreover, fp|g, = c¢r|g,. The algorithm SRC
checks for each ¢ € F' whether ¢ is a solution to SUBSET RAINBOW k-COLORING in (G, S).
In particular, it checks if fp is a solution to SUBSET RAINBOW k-COLORING in (G, S).
The correctness of this checking is given by Corollary 5 of [21]. Therefore, SRC correctly
concludes that (G, S) is a yes instance of SUBSET RAINBOW k-COLORING, and outputs a
correct solution.
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Given an instance (G,k) of SUBSET RAINBOW k-COLORING, whenever it returns a
solution then indeed (G, k) is a yes instance of SUBSET RAINBOW k-COLORING. This is
implied from Corollary 5 of [21].

Next, we move to the runtime analysis. The algorithm starts by computing an (m, k|S|, k)-
unified perfect hash family F’ of size e*!°| (k|S|)O(log MSD kIS og m in time eFIS] (k:|S|)O(log HSD
E*ISI mlogm. Then, for each ¢ € F' it checks if for all (u,v) € S, there is a rainbow path
between then in G with edge coloring ¢ in time 25n®(M . If it finds such a ¢ then returns it as
a solution. Otherwise, correctly reports no. Therefore, the running time of the algorithm is
bounded by 2°()nOM) for every fixed k. Here, we rely on the fact that log |S| € o(1/]S]). <«

» Corollary 25. STEINER RAINBOW k-COLORING admits an algorithm running in time
20(I51%),0(1) |

Proof. Follows from Theorem 24. <

6 Conclusion

In this paper, we proved that for all £ > 3, RAINBOW k-COLORING does not admit an
algorithm running in time 2°UE(E)DpOM)  ynless ETH fails. This (partially) resolves the
conjecture of Kowalik et al. [22], which states that for every k > 2, RAINBOW k-COLORING
does not admit an algorithm running in time 2°0E(EDROM) Tt would be an interesting
direction to study whether or not RAINBOW k-COLORING admits an algorithm running
in time 2°UF@DROM) | for k = 2. We also studied the problem STEINER RAINBOW k-
COLORING, and proved that for every & > 3 the problem does not admit an algorithm
running in time 2°(|S‘2)no(1), unless ETH fails. We complemented this by designing an
algorithm for SUBSET RAINBOW k-COLORING running in time 205D " which implies
an algorithm running in time 2005 pO0M) for STEINER RAINBOW k-COLORING. It would
be interesting to study whether or not STEINER RAINBOW k-COLORING admits an algorithm
running in time 2"(‘5‘2)n0(1), for k = 2. Kowalik et al. [22] also conjectured that for every
k > 2, RAINBOW k-COLORING does not admit an algorithm running in time 20("2)no(1),
which is another interesting direction of research.

Acknowledgements: The author is thankful to Saket Saurabh for helpful discussions.
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