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—— Abstract

An input to a conflict-free variant of a classical problem I', called CONFLICT-FREE T, consists of an
instance I of I" coupled with a graph H, called the conflict graph. A solution to CONFLICT-FREE
T'in (I, H) is a solution to I in I',; which is also an independent set in H. In this paper, we study
conflict-free variants of MAXIMUM MATCHING and SHORTEST PATH, which we call CONFLICT-FREE
MATCHING (CF-MATCHING) and CONFLICT-FREE SHORTEST PATH (CF-SP), respectively. We
show that both CF-MATCHING and CF-SP are W[1]-hard, when parameterized by the solution size.
Moreover, W[1]-hardness for CF-MATCHING holds even when the input graph where we want to

find a matching is itself a matching, and W[1]-hardness for CF-SP holds for conflict graph being a
unit-interval graph. Next, we study these problems with restriction on the conflict graphs. We give
FPT algorithms for CF-MATCHING when the conflict graph is chordal. Also, we give FPT algorithms
for both CF-MATCHING and CF-SP, when the conflict graph is d-degenerate. Finally, we design
FPT algorithms for variants of CF-MATCHING and CF-SP, where the conflicting conditions are
given by a (representable) matroid.
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1 Introduction

In the recent years, conflict-free variant of classical combinatorial optimization problems
have gained attention from the viewpoint of algorithmic complexity. A typical input to a
conflict-free variant of a classical problem I', which we call CONFLICT-FREE I', consists
of an instance I of I' coupled with a graph H, called the conflict graph. A solution to
CoNFLICT-FREE T in (I, H) is a solution to I in ', which is also an independent set in
H. Notice that conflict-free version of the problem introduces the constraint of “impossible
pairs” in the solution that we seek for. Such a constraint of “impossible pairs” in a solution
arises, for example, in the context of program testing and validation [16, 23]. Gabow et
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al. [16] studied the conflict-free version of finding paths in a graph, which they showed to be
NP-complete.

Conflict-free variants of several classical problems such as, BIN PACKING [10, 18, 20],
KNAPSACK [34, 31], MINIMUM SPANNING TREE [5, 6], MAXIMUM MATCHING [6], MAXIMUM
Frow [32, 33], SHORTEST PATH [6] and SET COVER [11] have been studied in the literature
from the viewpoint of algorithmic complexity, approximation algorithms, and heuristics. It
is interesting to note that most of these problems are NP-hard even when their classical
counterparts are polynomial time solvable. Recently, Jain et al. [19] and Agrawal et al. [2, 1]
initiated the study of conflict-free problems in the realm of parameterized complexity. In
particular, they studied CONFLICT-FREE F-DELETION problems for various families F, of
graphs such as, the family of forests, independent sets, bipartite graphs, interval graphs, etc.

MAXIMUM MATCHING and SHORTEST PATH are among the classical graph problems
which are of very high theoretical and practical interest. The MAXIMUM MATCHING problem
takes as input a graph G, and the objective is to compute a maximum sized subset Y C E(Q)
such that no two edges in Y have a common vertex. MAXIMUM MATCHING is known to be
solvable in polynomial time [12, 27]. The SHORTEST PATH problem takes as input a graph
G and vertices s and ¢, and the objective is to compute a path between s and t in G with
the minimum number of vertices. The SHORTEST PATH problem, together with its variants
such as all-pair shortest path, single-source shortest path, weighted shortest path, etc. are
known to be solvable in polynomial time [7, 3].

Darmann et al. [6] (among other problems) studied the conflict-free variants of MAXIMUM
MATCHING and SHORTEST PATH. They showed that the conflict-free variant of MAXIMUM
MATCHING is NP-hard even when the conflict graph is a disjoint union of edges (matching).
Moreover, for the conflict-free variant of SHORTEST PATH, they showed that the problem is
APX-hard, even when the conflict graph belongs to the family of 2-ladders.

In this paper, we study the conflict-free versions of matching and shortest path from
the viewpoint of parameterized complexity. A parameterized problem II is a subset of
3* x N, where ¥ is a fixed, finite alphabet. An instance of a parameterized problem is
a pair (I,k), where I is a classical problem instance and k is an integer, which is called
the parameter. One of the central notions in parameterized complexity is fized-parameter
tractability, where given an instance (I, k) of a parameterized problem II, the goal is to
design an algorithm that runs in time f(k)n®®), where, n = |I| and f(-) is some computable
function, whose value depends only on k. An algorithm with running time as described
above, is called an FPT algorithm. A parameterized problem that admits an FPT algorithm
is said to be in FPT. Not every parameterized problem admits an FPT algorithm, under
reasonable complexity-theoretic assumptions. Similar to the notion of NP-hardness and
NP-hard reductions in classical Complexity Theory, there are notions of W][t]-hardness, where
t € N and parameterized reductions in parameterized complexity. A parameterized problem
which is W[t]-hard, for some ¢ € N is believed not to admit an FPT algorithm. For more
details on parameterized complexity we refer to the books of Downey and Fellows [9], Flum
and Grohe [13], Niedermeier [29], and Cygan et al. [4].

Our Results. We study conflict-free (parameterized) variants of MAXIMUM MATCHING and
SHORTEST PATH, which we call CONFLICT FREE MAXIMUM MATCHING (CF-MM, for short)
and CONFLICT FREE SHORTEST PATH (CF-SP, for short), respectively. These problems are
formally defined below.
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CoNFLICT FREE MAXIMUM MATCHING (CF-MM) Parameter: k
Input: A graph G = (V, E), a conflict graph H = (E, E’), and an integer k.
Question: Is there a matching M of size at least k in G, such that M is an independent
set in H?

CoNFLICT FREE SHORTEST PaTH (CF-SP) Parameter: k
Input: A graph G = (V, E), a conflict graph H = (E, E’), two special vertices s and ¢,
and an integer k.

Question: Is there an st-path P of length at most k¥ in G, such that E(P) is an
independent set in H?

We show that both CF-MM and CF-SP are W[1]-hard, when parameterized by the
solution size. The W[1]-hardness for CF-MM is obtained by giving an appropriate reduction
from INDEPENDENT SET, which is known to be W[1]-hard, when parameterized by the
solution size [4, 8]. In fact, our W[1]-hardness result for CF-MM holds even when the graph
where we want to compute a matching is itself a matching. We show the W[1]-hardness of

CF-SP by giving an appropriate reduction from a multicolored variant of the problem UNIT
2-TRACK INDEPENDENT SET (which we prove to be W[1]-hard). We note that UNIT 2-TRACK
INDEPENDENT SET is known to be W[1]-hard, which is used to establish W[1]-hardness of its
multicolored variant. We note that our W[1]-hardness result of CF-SP holds even when the
conflict graph is a unit interval graph.

Having shown the W[1]-hardness results, we then restrict our attention to having conflict
graphs belonging to some families of graphs, where the INDEPENDENT SET problem is either
polynomial time solvable or solvable in FPT time. Two of the very well-known graph families

that we consider are the family of chordal graphs and the family of d-degenerate graphs.

For the CF-MM problem, we give an FPT algorithm, when the conflict graph belongs to
the family of chordal graphs. Our algorithm is based on a dynamic programming over
a “structured” tree decomposition of the conflict graph (which is chordal) together with
“efficient” computation of representative families at each step of our dynamic programming
routine. Notice that we cannot obtain an FPT algorithm for the CF-SP problem when the
conflict graph is a chordal graph. This holds because unit-interval graphs are chordal, and
the problem CF-SP is W[1]-hard, even when the conflict graph is a unit-interval graph.
For conflict graphs being d-degenerate, we obtain FPT algorithms for both CF-MM and
CF-SP. These algorithms are based on the computation of an independence covering family,
a notion which was recently introduced by Lokshtanov et al. [25]. We note that even for

nowhere dense graphs, such an independence covering family can be computed efficiently [25].

Since our algorithms are based on computation of independence covering families, hence, our
results hold even when the conflict graph is a nowhere dense graph.

Finally, we study a variant of CF-MM and CF-SP, where instead of conflicting conditions
being imposed by independent sets in a conflict graph, they are imposed by independence
constraints in a (representable) matroid. We give FPT algorithms for the above variant of
both CF-MM and CF-SP.

2 Preliminaries

Sets and functions.

We denote the set of natural numbers and the set of integers by N and Z, respectively. By
N>; we denote the set {x € N | z > 1}. For n € N, by [n] and [0, n], we denote the sets
{1,2,--- ,n} and {0,1,2,--- ,n}, respectively. For a set U and p € N, a p-family (over U)
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is a family of subsets of U of size p. A function f: X — Y is injective if for each x,y € X,
f(z) = f(y) implies z = y. For a function f: X - Y andaset SC X, flg: S =Y isa
function such that for s € S, we have f|s(s) = f(s). We let w denote the exponent in the
running time of algorithm for matrix multiplication, the current best known bound for it is
w < 2.373 [35].

Graphs.

Consider a graph G. By V(G) and E(G) we denote the set of vertices and edges in G,
respectively. For X C V(G), G[X] denotes the subgraph of G with vertex set X and edge
set {uv € E(G) |u,v € X}. For Y C E(G), G[Y] denotes the subgraph of G with vertex set
Uuvey{u, v} and edge set Y.

Let G be a graph. An independent set in G is a set X C V(G) such that for every
u,v € X, uv ¢ E(G). A matching in G is a set Y C F(G) such that no two distinct edges in
Y have a common vertex. A matching M in G is a mazimum matching if for any matching
Y in G, |[M| > |Y|. A matching M in G saturates a set X C V(G), if every vertex in X is
an end point of an edge in M. For vy,v, € V(G), a vive-path P = (v1,v9, -+ ,0p—1,0¢) in
G is a sequence of (distinct) vertices, such that V(P) C V(G) and for each i € [{ — 1], we
have v;v; 41 € E(G). Moreover, the edges in {v;v;41 | ¢ € [¢ — 1]} are called edges in P. The
length of a path is the number of edges in it. A shortest uv-path is a uv-path with minimum
number of edges.

A chordal graph is a graph with no induced cycles of length at least four. An interval
graph is an intersection graph of line segments (intervals) on the real line, i.e., its vertex set
is a set of intervals, and two vertices are adjacent if and only if their corresponding intervals
intersect. A wunit-interval graph is an intersection graph of intervals of unit length on the
real line. For d € N, a graph is d-degenerate if every subgraph of it has a vertex of degree at
most d. A cliqgue K in G is an (induced) subgraph, such that for any two distinct vertices
u,v € V(K) we have uv € E(G). A vertex set S C V(G) is a clique in G if G[S] is a clique.
Let G; = (V4, 1) and Gy = (Va, Es) be two graphs. If V3 NV, = (), then disjoint union of
G; and Gy is the graph G = (V4 U V,, E1 U Ey). If Vi = Va, then the edge-wise union of G,
and Gq is the graph G = (V1, E1 U E3).

In the following we state definitions related to tree decomposition and some results on
them, that are used in our algorithms.

» Definition 1. A tree decomposition of a graph H is a pair (T, X ), where T is a rooted tree
and X = {X; |t € V(T)}. Every node t of T is assigned a subset X; C V(H), called a bag,
such that following conditions are satisfied:

U X:=V(H),ie. each vertex in H is in at least one bag;
teV(T)
For every edge uv € E(H), there is t € V(T) such that u,v € Xy;

For every vertex v € V(H) the graph T[{t € V(T) | v € X,}] is a connected subtree of T

To distinguish between vertices of a graph H and vertices of its tree decomposition (7', X),
we refer to the vertices in T' as nodes. Since T is a rooted tree, we have a natural parent-child
and ancestor-descendant relationship among nodes in T. For a node t € V(T), by desc(t)
we denote the set descendant of ¢ in T (including ¢). For a node ¢t € V(T') by V; we denote
the union of all bags in the subtree rooted at t i.e. V; = Ugcdesc(t)Xa and by Hy we denote
the graph H[V;]. A leaf node of T is a node with degree exactly one in T', which is different
from the root node. All the nodes of T" which are neither the root node nor a leaf node are
non-leaf nodes.
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We now define a more structured form of tree decomposition that will be used in the
algorithm.

» Definition 2. Let (7, X) be a tree decomposition of a graph H with 7 as the root node.
Then, (T, X) is a nice tree decomposition if for each each leaf £ in T" and the root r, we have
that X, = X, = 0, and each non-leaf node t € V(T) is of one of the following types:

1. Introduce node: t has exactly one child, say ¢, and X; = Xy U {v}, where v ¢ Xy.
We say that v is introduced at t;

2. Forget node: t has exactly one child, say t/, and X; = Xy \ {v}, where v € Xy, We
say that v is forgotten at t;

3. Join node: ¢ has exactly two children, say t; and t2, and X; = Xy, = Xy,.

» Proposition 3 ([4, 22]). Given a tree decomposition (T, X) of a graph H, in polynomial
time we can compute a nice tree decomposition (17, X') of H that has at most O(k|V (H)|)
nodes, where, k is the size of the largest bag in X. Moreover, for each t' € V(T"), there is
t € V(T) such that X}, C X;.

A tree decomposition (T, X) of a graph H, where for each t € V(T'), the graph H[X}] is
a clique, is called a clique-tree. Next, we state a result regarding computation of a clique-tree
of a chordal graph.

» Proposition 4 ([17]). Given an n vertex chordal graph H, in polynomial time we can
construct a clique-tree (T, X) of H with O(n) nodes.

Using Proposition 3 and 4 we obtain the following result.

» Proposition 5. Given an n vertex chordal graph H, in polynomial time we can construct a
nice tree decomposition which is also a clique-tree (nice clique-tree), (T, X) of H with O(n?)
nodes.

Matroids and representative sets.

In the following we state some basic definitions related to matroids. We refer the reader
to [30] for more details. We also state the definition of representative families and state some
results related to them.

» Definition 6. A pair M = (U,Z), where U is the ground set and Z is a family of subsets
of U, is a matroid if the following conditions hold:

0eT;

If I € Z and I, C Iy, then I, € Z;

If I, Iy € 7 and |I3] < |I3], then there exists an element « € I \ Iz, such that I,U{z} € .

An inclusion-wise maximal set in Z is called a basis of M. All bases of a matroid are of
the same size. The size of a basis is called the rank of the matroid. For a matroid M = (U, )
and sets P,Q C U, we say that P fits Qif PNQ =0 and PUQ € T.

A matroid M = (U,T) is a linear (or representable) matroid if there is a matrix A over a
field F with E as the set of columns, such that: 1) |E| = |U|; 2) there is an injective function
¢ : U — E, such that X C U is an independent set in M if and only if {¢(z) |z € X} isa
set of linearly independent columns (over ). In the above, we say that M is representable
over IF, and A is one of its representation.

In the following, we define some matroids and state results regarding computation of
their representations.
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» Definition 7 ([4, 30]). A matroid M = (U,Z) is a partition matroid if the ground set U is
partitioned into sets Uy, Us, - -+, Uy, and for each i € [k], there is an integer a; associated
with U;. A set S C U is independent in M if and only if for each i € [k], |S NU;| < a;.

» Proposition 8 ([15, 30, 26]). A representation of a partition matroid over Q (the field of
rationals) can be computed in polynomial time.

» Definition 9. Let My = (Uy,7,), My = (U, o) -+ , My = (U, Z;) be t matroids with
U NU; =0, forall 1 <i#j <t The direct sum My & --- S My, of My, Mo, -+, M, is
the matroid with ground set U = U;c[;)U; and X C U is independent in M if and only if for
each i € [t], X NU; € Z;.

» Proposition 10 ([26, 30]). Given matrices Ay, Az, -+, Ay (over F) representing matroids
My, My, - My, respectively, we can compute a representation of their direct sum, My &
- B My, in polynomial time.

Next, we state the definition of representative families.

» Definition 11. Let M = (U,Z) be a matroid, and A be a p-family of U. We say that
A’ C A is a g-representative for A if for every set Y C U of size ¢, if there is a set X € A,
such that X NY =@ and X UY € Z, then there is a set X’ € A’ such that X’ NY =@ and
X'UY €Z. If A C Ais a g-representative for A then we denote it by A" CZ,, A.

In the following, we state some basic propositions regarding g-representative sets, which
will be used later.

» Proposition 12 ([4, 14]). If Ay Cf, Az and Ay CF, As, then Ay CF, As.

» Proposition 13 ([4, 14]). If Ay and Ay are two p-families such that A} CL, Ay and
A/2 Q‘}ep .Ag, then -A/l U .A/2 g?ep .Al U .AQ.

Next, we state a result regarding the computation of a g-representative set.

» Theorem 14 ([4, 14]). Given a matriz M (over field F) representing a matroid M = (U,T)
of rank k, a p-family A of independent sets in M, and an integer q such that p+q = k, there
is an algorithm which computes a g-representative family A" CL_ A of size at most (p;q)

rep
. w—1 .
using at most (’)(|.A|((p;q)p“’ + (p;q) )) operations over IF.

Let A; and Ay be two families of sets over U and M = (U,Z) be a matroid. We define
their convolution as follows.

Al*AQZ{AluAQ|A1€A17A2EAQ,AlmAQZQ)aHdAluAQEI}

» Lemma 15. Let M = (U,Z) be a matroid, Ay be a p1-family, and As be a pa-family. If
A Crep™ Av and Ay CrpP? Ay, then g+ Ay CrpP ™07 Apx Ay

Proof. The proof of this lemma is similar to the proof of Lemma 12.28 in [4]. Let B be
a set of size k — p; — pa. Suppose there exists a set A1 U Ay € A; x Ay that fits B. Since,
(A1 U A2) N B = (), we have |BU As| = k — p1. This implies that there exists A} € A} which
fits BU Ay, ie., (AJUBUAs) € 7 and A1 N(BUAz) = () which gives |A] UB| = k— py. This
means, there exists A5 € Aj that fits A] U B, i.e., (A5UA]UB) €T and A,N(AJUB) =0.
Since, A] N (BU Ay) =0 and A5 N (A} UB) =0, we get (A} UA5) N B = (. Hence, A7 U A)
fits B and (A} U A}) € A] + AS. <

Next, we give a result regarding computation of convolution (x).
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» Proposition 16. Let M be a matriz over a field F representing a matroid M = (U,Z) over
an n-element ground set, A1 be a p1-family, and As be a pa-family, where py +ps = k. Then
Ai x As can be computed in time O(2Fn©M)).

Proof. Consider the standard convolution operation, A; o As = {41 U Ay | A1 € Ay, Ay €
Ag and Ay N Az = 0} defined in [4, Section 12.3.5]. The family A; o A can be computed in
O(2Fn?) time [4, Exercise 12.12]. Since, Ay * Ay = {A; U Ay | A; € A1, Ay € Ay, Ay N Ay =
), and A;UAs € Z}. Hence, X € A; *Aj3 if and only if X € A;0.4s and X is a set of linearly
independent columns (over F). Testing whether a set of vectors is linearly independent
over a field can be done in time polynomial in size of the set (using Gaussian elimination).
Therefore, testing if an X € A; o Aj is linearly independent, can be done in time O(n®M).
Since |A; 0 Ag| < |A1||Az|, family A; + Ay can be computed in O((2% + |.A;||A2])nC M) time.
Since, |A4;] < 2Pt and |Az| < 2P2, the running time is bounded by O(2FnCM), <

Universal sets and their computation.

» Definition 17. An (n, k)-universal set is a family F of subsets of [n] such that for any set
S C [n] of size k, the family {AN S | A € F} contains all 2¥ subsets of S.

Next, we state a result regarding the computation of a universal set.
» Proposition 18 ([4, 28]). For any n,k > 1, we can compute an (n, k)-universal set of size

2k OU0ek) logn in time 28k F) nlog n.

3  WI[1]-hardness Results

In this section, we show that CONFLICT FREE MAXIMUM MATCHING and CONFLICT FREE
SHORTEST PATH are W[1]-hard, when parameterized by the solution size.

3.1 W][1]-hardness of CF-MM

We show that CF-MM is W[1]-hard, when parameterized by the solution size, even when
the graph where we want to find a matching, is itself a matching (disjoint union of edges).
To prove our result, we give an appropriate reduction from INDEPENDENT SET to CF-MM.
In the following, we define the problem INDEPENDENT SET.

INDEPENDENT SET Parameter: k
Input: A graph G and an integer k.

Question: Is there a set X C V(G) of size at least &k such that X is an independent set
in G?

It is known that INDEPENDENT SET is W[1]-hard, when parameterized by the size of an
independent set [4, 8].

» Theorem 19. CF-MM is W[1]-hard, when parameterized by the solution size.

Proof. Given an instance (G*, k) of INDEPENDENT SET, we construct an equivalent instance
(G, H, k) of CF-MM as follows. We first describe the construction of G. For each v € V(G*),
we add an edge vv’ to G. Notice that G is a matching. This completes the description of

G. Next, we move to the construction of H. We have V(H) = {e, = v’ | v € V(G")}.
Moreover, for ey, e, € V(H), we add the edge e,e, to E(H) if and only if uv € E(G*).

We note that H is exactly the same as G*, with vertices being renamed. This completes
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the construction of (G, H, k) of CF-MM. Next, we show that (G*, k) is a yes instance of
INDEPENDENT SET if and only if (G, H, k) is a yes instance of CF-MM.

In forward direction, let (G*, k) be a yes instance of INDEPENDENT SET, and S be one of
its solution. Let S' = {e, | v € S}. We show that S’ is a solution to CF-MM. Notice that
by construction, S’ is a matching in G, and |S’| = |S| > k. Moreover, G* is isomorphic to
H, with the vertex mapping as ¢ : V(G*) — V(H), where for v € V(G*), ¢(v) = e,. Hence,
S’ is an independent set in H.

In reverse direction, let (G, H, k) be a yes instance of CF-MM, and S’ be one of its
solution. Let S = {v | e, € S’}. Using an analogous argument as in the forward direction, we
conclude that S is a solution to INDEPENDENT SET in (G*, k). This concludes the proof. <

3.2 W][1]-hardness of CF-SP

We show that CF-SP is W[1]-hard, when parameterized by the solution size, even when the
conflict graph is a proper interval graph. We refer to this restricted variant of the problem
as UNIT INTERVAL CF-SP. To prove our result, we give an appropriate reduction from
a multicolored variant of the problem UNIT 2-TRACK INDEPENDENT SET, which we call
UNIT 2-TRACK MULTICOLORED IS. In the following, we define the problems UNIT 2-TRACK
INDEPENDENT SET and UNIT 2-TRACK MULTICOLORED IS.

UNIT 2-TRACK INDEPENDENT SET (UNIT 2-TRACK IS) Parameter: k
Input: Two unit-interval graphs G; = (V, E1) and G2 = (V, Es), and an integer k.
Question: Is there a set S C V of size at least k, such that S is an independent set in
both G and G5?

UNIT 2-TRACK MULTICOLORED IS (UNIT 2-TRACK MIS) Parameter: k
Input: Two unit-interval graphs G; = (V, Ey) and Gy = (V, Es), and a partition
Vi,Vo,--- Vi of V.

Question: Is there a set S C V, such that S is an independent set in both G| and Gs,
and for each ¢ € [k], we have |[SNV;| =17

It is known that UNIT 2-TRACK IS is W[1]-hard, when parameterized by the solution
size [21]. We show that the problem UNIT 2-TRACK MIS is W[1]-hard, when parameterized
by the number of sets in the partition. We show this by giving an appropriate (Turing)
reduction from UNIT 2-TRACK IS. Finally, we give a reduction from UNIT 2-TRACK MIS to
UNIT INTERVAL CF-SP, hence obtaining the desired result.

3.3 W][1]-hardness of UniT 2-TrACK MIS.

We give a (Turing) reduction from UNIT 2-TRACK IS to UNIT 2-TRACK MIS. Moreover,
since we want to rule out existence of an FPT algorithm, we spend FPT time to obtain FPT
many instances of UNIT 2-TrRACK MIS.

Before proceeding to the reduction from UNIT 2-TRACK IS to UNIT 2-TRACK MIS, we
define the notion of perfect hash family, which will be used in the reduction.

» Definition 20. An (n, k)-perfect hash family F, is a family of functions f : [n] — [k] such
that for every set S C [n] of size k, there is an f € F, such that f|g is injective.

In the following, we state a result regarding computation of an (n, k)-perfect hash family.

» Theorem 21. [4, 28] For any n,k > 1, an (n, k)-perfect hash family of size ek kOUogk) Jog
can be constructed in e*kC1°8F)nlogn time.
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Now we are ready to give a (Turing) reduction from UNIT 2-TRACK IS to UNIT 2-TRACK
MIS.

» Lemma 22. There is a parameterized Turing reduction from UNIT 2-TRACK IS to UNIT
2-TrAck MIS.

Proof. Let (G1, G2, k) be an instance of UNIT 2-TRACK IS, where V(G1) = V(G2) = [n]. We
construct a family C of instances of UNIT 2-TRACK MIS as follows. We start by computing
an (n, k)-perfect hash family F, of size e#kCU1°8%) logn, in time e*kCU°eF)nlogn, using
Theorem 21. Now, for each f € F, we construct an instance Iy = (G, Ga, Vlf, sz, e ,ka)
of UNIT 2-TrRACK MIS as follows. For i € [k], we set Vif ={v € V(G1) | f(v) =4i}. Finally,
weset C={I | f e F}

We claim that (G1,Ga, k) is a yes instance of UNIT 2-TRACK IS if and only if there is
Iy € C such that Iy is a yes instance of UNIT 2-TRACK MIS.

In the forward direction, let (G, Ga, k) be a yes instance of UNIT 2-TRACK IS, and S be
one of its solution of size k. Consider f € F such that f|s is injective, which exists since
F is an (n, k)-perfect hash family. By construction of C, we have Iy € C. Moreover, by
construction of f, for each ¢ € [k], we have |S N V;| = 1. Hence, S is a solution to I.

In the reverse direction, let Iy € C be a yes instance of UNIT 2-TRACK MIS, and
S be one of its solution. Clearly, S is a solution to UNIT 2-TRACK IS in (G1,G2,k) as
It = (G1,Ga, Vlf, VQf, e ,ka). This concludes the proof. <

» Theorem 23. UNIT 2-TRACK MIS is W[1]-hard, when parameterized by the solution size.

Proof. Follows from Lemma 22 and W[1]-hardness of UNIT 2-TRACK IS. <

3.4 W][1]-hardness of UNIT INTERVAL CF-SP

We give a parameterized reduction from UNIT 2-TRACK MIS to UNIT INTERVAL CF-SP.

Let (G1,G2, V1, -+, Vi) be an instance of UNIT 2-TRACK MIS. We construct an instance
(G’ H,s,t, k") of UNIT INTERVAL CF-SP as follows. For each v € V(G;), we add a path
on 3 vertices namely, (v1,v2,v3) in G'. For notational convenience, for v € V(G1), by e12(v)
and eg3(v) we denote the edges vivy and veus, respectively. Consider i € [k — 1]. For u € V;
and v € V41, we add the edge zy, = usv; to E(G’) (see Figure 1). Moreover, by Z;, we
denote the set {zy, | u € Vi,v € Viy1}. We add two new vertices s and ¢ to V(G'), and
add all the edges in Zy = {sv1 | v € V1} and Z = {vst | v € V},} to E(G’). Next, we
move to the construction of H. Note that H must be a unit-interval graph on the vertex
set E(G") = (Usepo,1Zi) U (Upev(ay)1e12(v), e2s(v)}). In H, each vertex in U;cjo 5 Z; is an
isolated vertex. Let Eia = {e12(v) | v € V(G1)} and Es3 = {eas3(v) | v € V(G1)}. For

e12(u), e12(v) € Ei2, we add the edge eja(u)era(v) to E(H) if and only if wv € E(G1).

Similarly, for egs(u),ea3(v) € Eas, we add the edge eas(u)eas(v) to E(H) if and only if
uwv € E(G3). Observe that H[Fjs] is isomorphic to G, with bijection ¢ : V(G1) — Ei2
with ¢1(v) = ej2(v). Similarly, H[FE»3] is isomorphic to Gy with bijection ¢o : V(G2) — FEa3
with ¢2(v) = eg3(v). By construction, H is disjoint union of unit-interval graphs, and hence
is a unit-interval graph. Finally, we set k€’ = 3k + 1. This completes the description of the
reduction.

In the following lemma we show that the instance (G, Ga, V1, -+, Vi) of UNIT 2-TRACK
MIS and the instance (G', H, s,t, k') of UNIT INTERVAL CF-SP are equivalent.

» Lemma 24. (G1,Gy, V1, -+, Vi) is a yes instance of UNIT 2-TRACK MIS if and only if
(G',H,s,t, k") is a yes instance of UNIT INTERVAL CF-SP.
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Figure 1 An illustration of the construction of G’ in W[1]-hardness of UNIT INTERVAL CF-SP.

Proof. In the forward direction, let (G1, G2, Vi, -+, Vi) be a yes instance of UNIT 2-TRACK
MIS, and S = {v!,v2 --- vk} be one of its solution, such that v’ € V;. We claim that
P = (s,vi,vd, v} - - oF vk vk t) is a conflict-free path (on 3k + 1 edges) in G'. By
the construction of G’, it follows that P is a path in G’. Next, we show that E(P) is
an independent set in H. Let v = s and v¥™' = . By construction, each edge in
{vivi™ | i € [0,k]} € UgxZi is an isolated vertex in H. Also, for each i € [k], we have
that {e12(v?), e23(v?)} is an independent set in H. Next, consider 4, j € [k], where i # j. By
construction eq2(vt)eaz(v?), eaz(v?)era(v?) ¢ E(H). Moreover, e1a(vi)e1a(v?) ¢ E(H) since
S in an independent set in Gy. Similarly, es3(v*)exs(v?) ¢ E(H) as S is an independent set
in G3. In the above, we have considered every pair of edges in E(P), and argued that no
two of them are adjacent to each other in H. Hence, it follows that P is a solution to UNIT
INTERVAL CF-SP in (G', H, s,t, k).

In the reverse direction, let P be a solution to UNIT INTERVAL CF-SP in (G', H, s,t, k).
By the construction of G’, the path P must be of the form (s, v}, v3,vd, -+ vk o5 vk ). We
claim that S = {v!,v2,--- ,v*} is an independent set in both G and G5. Suppose not, then
there is an edge viv?, i # j and 4, j € [k] say, in G (the case when it is in G is symmetric).
But then ej2(vt)ea(v?) is an edge in H, contradicting that E(P) is an independent set in
H. Hence, we have that S is an independent set both in G; and G5. Moreover, since P is a
path of length at most 3k + 1, it must hold that for each i € [k], we have v* € V;. Hence, S
is a solution to UNIT 2-TRACK MIS in (Gy, G, Vi, -+, Vi). <

» Theorem 25. UNIT INTERVAL CF-SP is W[1]-hard, when parameterized by the solution
size.

Proof. Follows from the construction of instance (G’, H, s, t, k") of UNIT INTERVAL CF-SP,
for the given instance (G1, G2, Vi, -+, Vi) of UNIT 2-TRACK MIS, Lemma 24, and Theorem
23. |

4 FPT Algorithm for CF-MM with Chordal Conflict

In this section, we show that CF-MM is FPT, when the conflict graph belongs to the
family of chordal graphs. We call this restricted version of CF-MM as CHORDAL CONFLICT
MATCHING. Towards designing an algorithm for CHORDAL CONFLICT MATCHING, we first
give an FPT algorithm for a restricted version of CHORDAL CONFLICT MATCHING, where
we want to compute a matching for a bipartite graph. We call this variant of CHORDAL
CONFLICT MATCHING as CHORDAL CONFLICT BIPARTITE MATCHING (CCBM). We then
employ the algorithm for CCBM to design an FPT algorithm for CHORDAL CONFLICT
MATCHING.
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4.1 FPT algorithm for CCBM

We design an FPT algorithm for the problem CCBM, where the conflict graph is chordal
and the graph where we want to compute a matching is a bipartite graph. The problem
CCBM is formally defined below.

CHORDAL CONFLICT BIPARTITE MATCHING (CCBM) Parameter: k
Input: A bipartite graph G = (V, E) with vertex bipartition L, R, a conflict graph
H = (E,FE’), and an integer k.

Question: Is there a matching M C FE of size k in G, such that M is an independent
set in H?

The FPT algorithm for CCBM is based on a dynamic programming routine over a

tree decomposition of the conflict graph H and representative sets on the graph G. Let
(G,L,R, H,k) be an instance of CF-MM, where G is a bipartite graph on n vertices, with
vertex bipartition L, R, and H is a chordal graph with V(H) = E(G).

In the following, we construct three matroids My = (E,Z.),Mr = (£ Zg), and
M = (EUE°T). Matroids My, and Mp are partition matroids and the matroid M is the
direct sum of My and Mp. The ground set of My, is E = E(G). The set E° contains a
copy of edges in E, i.e., E¢ = {e° | e € E}. We create two (disjoint) sets E and E°, because
M is the direct sum of My and Mg, and we want their ground sets to be disjoint. Next, we
describe the partition £ of E into |L| sets and |L| integers, one for each set in the partition,
for the partition matroid My. For u € L, let E,, = {uv | uv € E}. Notice that for u,v € L,
where u # v, we have E, N E, = (). Moreover, UycpE, = E. We let £ ={E, | u € L}, and
for each u € L, we set a,, = 1. Similarly, we define the partition £¢ of E€ with respect to set
R. That is, we let £¢ = {ES = {(w)® | ww € E(G)} | u € R}. Furthermore, for u € R, we
let aue = 1. We define the following notation, which will be used later. For Z C E, we let
Z¢={e‘|ee Z} C E“.

» Proposition 26. Q C E(G) is a matching in G with vertex bipartition L and R if and
only if QU Q° is an independent set in the matroid M = M & Mg.

Proof. In the forward direction, let @ be a matching in the bipartite graph G = (V, E), where
V = LUR. Since, My, = (E,Z;) is a partition matroid with partition £ = {E,, | v € L}
and a, = 1, for each v € L, @ N L is an independent set in M. Similarly, Q° N R is an
independent in Mp. Since, M = M & Mg, it follows that QQ U Q¢ is an independent set in
M.

In the reverse direction, consider Q C E such that Q U Q¢ is an independent set in M.

Since, M = M, ® Mz, Q is independent in My and Q€ is independent in Mg. Since,

@ and Q€ both have copies of the same edge, no two edges in ) share an end point in G.

Hence, @ forms a matching in G. |

To capture the independence property on the conflict graph, we rely on the fact that
a chordal graph admits a nice clique-tree (Proposition 5). This allows us to do dynamic
programming over a nice clique-tree. At each step of our dynamic programming routine,
using representative sets, we ensure that we store a family of sets which are enough to recover
(some) independent set in M, if a solution exists.

We now move to the formal description of the algorithm. The algorithm starts by
computing a nice clique-tree (7, X) of H in polynomial time, using Proposition 5. Let

r € V(T) be the root of the (rooted) tree T. For X; € X, we let X, = {0} U {{v} | v € X;}.

Recall that for t € V/(T'), H; is the graph H[V;], where V; = Ujedesc(t) Xa-
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In the following, we state some notations, which will be used in the algorithm. For each
teV(T),Y € X, and an integer p € [0, k] we define a family P7, as follows.

PPy ={ZUZ2°| Z CV(H)(C E),|Z| =p, 2N X; = Y, ZU Z. € T and H,[Z] is
edgeless}

For a family F of subsets of EU E°, F is called a paired-family if for each F € F, there
is Z C E, such that F'= Z U Z°.
In the following definition, we state the entries in our dynamic programming routine.

» Definition 27. For each t € V(T), Y € X, and p € [0,k], we have an entry c[t,Y,p],
which stores a paired-family F(t,Y,p) of subsets of E'U E° of size 2p, such that for each
F=27ZUZ°e F, the following conditions are satisfied.

2] =p;

. ZNX, =Y;

. Z is a matching in G, i.e., Z and Z°¢ are independent sets in My and Mg, respectively;
. Z is an independent set in Hy.

Moreover, F # () if and only if fpf,y # 0.

S WON =

Consider t € V(T), Y € X; and p € [0,k]. Observe that P/, is a valid candidate
for c[t,Y,p], which also implies that (G, H,k) is a yes instance of CCBM if and only if
c[r,0, k] # 0. However, we cannot set c[t,Y,p] = Py as the size of P{'y could be exponential
in n, and the goal here is to obtain an FPT algorithm. Hence, we will store a much
smaller subfamily (of size at most (3’;)) of P}y in ¢[t, Y, p], which will be computed using
representative sets. Moreover, as we have a structured form of a tree decomposition (nice
clique-tree) of H, we compute the entries of the table based on the entries of its children,
which will be given by recursive formulae. For leaf nodes, which form base cases for recursive
formulae, we compute all entries directly.

Next, we give (recursive) formulae for the computation of the table entries. Consider
teV(T),Y € X; and p € [0, k]. We compute the entry c[t, Y, k] based on the following cases.

Leaf node: ¢t is a leaf node. In this case, we have X; = ), and hence X; = {0}. If p =0,
then Pﬁ@ = {0}, and Pf,@ = (), otherwise. Since, ’Pf’@ is a valid candidate for c[t, Y, p|, we set
c[t,Y,p] = P{,. Note that c[t, Y, p] has size at most 1 < (3’;), and we can compute c|t, Y, p]
in polynomial time.

Introduce node: Suppose t is an introduce node with child ¢ such that X; = Xy U {e},
where e ¢ Xp. 'Y # () and p < 1, then we set c[t,Y, p] = 0. Otherwise, we compute the
entry as described below. Before computing the entry c[t, Y, p], we first compute a set 755 v
as follows.

(1)

ﬁp _ C[tly Y7p] ity 7& {6}a
LY clt',0,p— 1] % {{e,e°}}  otherwise.

Next, we compute 7/5tp y Ck-2r 73f y of size (3];), using Theorem 14. Finally, we set
ct,Y,pl =Pfy.
Correctness: To show the correctness, it is enough to show that c[t,Y,p] C2k-2p Py If

=rep

Y # () and p < 1, then we correctly set c[t,Y,p] = (). Hereafter, we assume that Y # ()
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then p > 1. f Y # {e}, then the claim follows from the fact that c[t,Y,p] = ¢[t/,Y, p] and
Ply = Pj y- Therefore, we consider the case when Y = {e}. In this case, we observe the
following towards proving the claim.

L PPy = Pf,j@l * {{e,e}}.
2. c[t',0,p—1] g?e’i,’Q(”’l) 7)5;2)1_

From item 1 and 2, and Lemma 15, it follows that c[t/,§,p — 1] x {{e,e}} C2k=2P PP

rep
This together with Proposition 12, and the fact that Pfy CZ=2 c[t’,0,p — 1] » {{e,e}}
implies that c[t,Y,p] = P{y CH=2P PP,

Forget node: Suppose t is a forget node with child ¢’ such that X; = Xy \ {e}, where
e € Xy. Before computing the entry c[t, Y, p], we first compute a set ’Pﬁ v as follows.

c[t’,0,plUclt’,{e},p] otherwise.

Next, we compute 73f v Q?e]f;% ﬁf y of size (g;), using Theorem 14. Finally, we set
C[ta Kp] = Pf,Y

Correctness: To show the correctness, it is enough to show that c[¢,Y, p] g?e’;—QP 775 v If

Y # 0, then the claim follows from the fact that c[t,Y,p] = c[t',Y,p], and P}y = P} 5.

Therefore, we consider the case when Y = (). In this case, we observe the following towards
proving the claim.

L cft’,0,p] SR PP .

=rep

2. c[t',{e},p] CH2p 7’5,{6}-

3. Pt’fy = P”,’@ U 7’17,{@}~

From item 1 to 3, and Proposition 13, it follows that c[t’, 0, p] U c[t/, {e},p] C2k~2P Ply-

=rep

This together with Proposition 12, and the fact that ﬁt’jy CH=20 cft!,0,p] U c[t’, {e}, p]
implies that c[t,Y,p] = Pfy C2k=2p Ply-

=rep
Join node: Suppose ¢ is a join node with children ¢; and to, such that X; = X;, = X,,. If
Y # 0 and p < 1, then we set c[t, Y, p] = (. Otherwise, we compute the entry as described

below. Before computing the entry clt, Y, p], we first compute a set 755 y as follows.

U (C[tlvwvi]*c[t27®7p_i]) lfY:Q),

5 iclo,
Ptp’y = G[ p] . . ' (3)
U (c[t1,Y ] xc[te,0,p —4])  otherwise.
i€[p]

Next, we compute 735’ y C2k-2p ﬁf y of size (gf)), using Theorem 14. Finally, we set
clt,Y,p] = P}y

Correctness: To show the correctness, it is enough to show that c[t, Y, p] C2K~2P Py If
Y # 0 and p < 1, then we correctly set c[t,Y,p] = 0. Hereafter, we assume that whenever
Y # (), we have p > 1. Next, we consider the following cases depending on whether or not

Y =0.
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Y = 0. In this case, we have Py = Uicpo,)(P}, g * ’Ptp*é) Moreover7 for i € [0,p], we

have that c[ty,0,d] S22 P/ o and c[t2,0,p —i] C _rzek A=) PP - Above arguments

Crep
together with Proposition 13 and Lemma 15 implies that ¢[t, Y, p) Q?e]f) 2p 'Pp

Y # (). In this case, we start by arguing that 73£Y = Ujepp)(cltr, Y, il *clta, 0, p—i]) CA2P
Py To this end, consider a set A € P}y of size 2p and a set B C FU E* of size 2k —2p
such that AUB € Z and AN B = . Observe that by construction of ng, A C
V(H,)U(V(H))¢, ANX;, =Y. Let Ay = ANV (Hy,), As = A\ Ay, and i* = |A4|. Since
Ae Pf,y, and Pf,y is a paired-family, it holds that ASUAS C A. Let Bo = BUA1 UAS, and

note that |Bs| = 2k —2(p —1i*). Moreover, c[ts,,p—i*] C _2ek 2p=i") Py o - and therefore,
there is Ay UAS € c[t, 0, p—i*] such that (AyUAS)UB, € T and (A, UAS)NBy = 0. Next,
consider B; = BU (/ng U A$), and note that |B1| = 2k — 2p +2(p — i) = 2k — 2i". Since,
clt1, Y, ¥ Q?e’f) 2 73’ - therefore, there is A UAS € c[ty, T, i*] such that ByU(A;UAS) €
7 and B;N(A; UAS) = . The above arguments imply that (4; UA$)U (AU AS) € T and
(Ay U AS) N (Ay U AS) = (). Hence, by definition of the convolution operation (x), we have
(A UAS)U(AyUAS) € c[ty,Y,i*]xc[ta, B, p—i*]. Moreover, BU(A; UAS)U (A, UAS) € T
and BN (A} UAS)U (AU AS) = 0. Therefore, Uiy (clty, Y, ] *clta, 0, p—i]) C2h-2P Ply-
This together with Proposition 12 implies that c[t, Y, p] C2k~2P Ply-

=rep

This completes the description of the (recursive) formulae and their correctness for
computing all entries of the table. The correctness of the algorithm follows from the
correctness of the (recursive) formulae, and the fact that (G, H, k) is a yes instance of CCBM
if and only if ¢[r, D, k] # 0. Next, we move to the running time analysis of the algorithm.

» Lemma 28. The algorithm presented for CCBM runs in time O(2°@Fn©M) where n
is the number of vertices in G.

Proof. We do the running time analysis based on time required to compute an entry c[t, Y, k],
fort e V(T),Y € X, and p € [0, k]. We consider the following cases.

Leaf node: For leaf nodes the entries c[t, Y, k] can be computed in polynomial time.

Introduce node: The algorithm first computes a family P}, from Equation 1, which
kO . . .. ~ 2k

takes 22kn0(M) time (usmg Proposition 16). Moreover, [Py, | < max{(Qp) ( (e 1))} The

algorithm then computes P{it ngp 2p ’Pp y+ using Theorem 14, which takes time bounded by

0(20(0116)”0(1)).

Forget node: The algorithm first computes a family ﬁ{},t from Equation 1, which takes at

most, @’;) time by standard set union operation. Moreover, |73€t| < 2@’; ) The algorithm then

A - -1
computes Py, C2E 2P Pgt This takes time |P€t|(2k)w nPM < (2k)w O) < ywknoO),
Therefore, the time required to compute an entry at forget node is at most (9(20 wk) O(l)).
Join node: The algorithm first computes a family PYt from Equation 3, which takes at most

22k time by Proposition 16 and standard set union operation. Moreover, |ﬁp | < 20(whk),

Now the algorithm applies Theorem 14 on 75§’,t and computes 75515 Czlgp 2p ’Pp This takes
time bounded by O(2°“*)nOM) Therefore, the time required to compute an entry at join
node is at most @20k nOM),

The time to compute an entry c[t, Y, k] is at most O(2°«“F) M), Moreover, the number
of entries is bounded by |V(T)| -k -n € n®®). Thus, the running time of the algorithm is

bounded by O(2°«kipOM)), <

» Theorem 29. CCBM admits an FPT algorithm running in time O(2°@*Fp0M)),
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4.2 FPT algorithm for CHORDAL CONFLICT MATCHING.

We design an FPT algorithm for CHORDAL CONFLICT MATCHING, using the algorithm for
CCBM (Theorem 29). Let (G, H, k) be an instance of CF-MM, where H is a chordal graph
and G is a graph on n vertices. We assume that G is a graph on vertex set [n], which can
easily be achieved by renaming vertices.

The algorithm starts by computing an (n, 2k)-universal set F, using Proposition 18. For
each set A € F, the algorithm constructs an instance I4 = (Ga,La, Ra, Ha, k) of CCBM
as follows. We have V(G4) =V (G), La = A, R=V(G)\ A, E(Gs) ={w € E(G) |u €
Ls,v € Ra},and Hy = H[E(G4)]. Note that H4 is a chordal graph because chordal graphs
are closed under induced subgraphs and disjoint unions. The algorithm decides the instance
14 using Theorem 29, for each A € F. The algorithm outputs yes if and only if there is
A € F, such that I, is a yes instance of CCBM.

» Theorem 30. The algorithm presented for CF-MM is correct, Moreover, it runs in time
20(wk) . O(ogk) nOM) " yyhere w < 2.373 is the exponent of matriz multiplication and n is the
number of vertices in the input graph.

Proof. Let (G, H, k) be an instance of CF-MM, where H is a chordal graph and G is a
graph on vertex set [n]. Clearly, if the algorithm outputs yes, then indeed (G, H, k) is a yes
instance of CF-MM. Next, we argue that if (G, H, k) is a yes instance of CF-MM then the
algorithm returns yes. Suppose there is a solution M C E(G) to CF-MM in (G, H, k). Let
S={i,j|ij € M}, and L = {i | there is j € [n] such that ij € M and ¢ < j}. Observe that
|S| = 2k. Since F is an (n, 2k)-universal set, there is A € F such that AN S = L. Note that
S is a solution to CCBM in I4. This together with Theorem 29 implies that the algorithm
will return yes as output.

Next, we prove the claimed running time of the algorithm. The algorithm computes (n, 2k)-
universal set of size O(22F k€198 %) log n), in time O(22#k©(°8%) nlog n), using Proposition 18.
Then for each A € F, the algorithm creates an instance I4 of CCBM in polynomial time.
Furthermore, it resolves the 14 of CCBM in time O(2°“*n®M) using Theorem 29. Hence,
the running time of the algorithm is bounded by 20(«wk)O(ogk), O0(1) |

5 FPT algorithms for CF-MM and CF-SP with matroid constraints

In this section, we study the problems CF-MM and CF-SP, where the conflicting condition
is being an independent set in a (representable) matroid. Due to technical reasons (which
will be clear later) for the above variant of CF-MM, we will only consider the case when the
matroid is repsesentable over Q (the field of rationals).

5.1 FPT algorithm for MATROID CF-MM

We study a variant of the problem CF-MM, where the conflicting condition is being an
independent set in a matroid representable over Q. We call this variant of CF-MM as
RATIONAL MATROID CF-MM (RAT MAT CF-MM, for short), which is formally defined
below.

RATIONAL MATROID CF-MM (RAT MAT CF-MM) Parameter: k
Input: A graph G, a matrix A (representing a matroid M over Q) with columns
indexed by E(G), and an integer k.

Question: Is there a matching M C E(G) of size at most k, such that the set of columns
in M are linearly independent (over Q)?
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We design an FPT algorithm for RAT MAT CF-MM. Towards designing an algorithm for
RAT MAT CF-MM, we first give an FPT algorithm for a restricted version of RAT MAT
CF-MM, where the graph in which we want to compute a matching is a bipartite graph. We
call this variant of RAT MAT CF-MM as RAT MAT CF-BIPARTITE MATCHING (RAT MAT
CF-BM). We then employ the algorithm for RAT MAT CF-BM to design an FPT algorithm
for RaT MAT CF-MM.

5.1.1 FPT algorithm for RAT MaT CF-BM

We design an FPT algorithm for the problem RAT MAT CF-BM, where the conflicting
condition is being an independent set in a matroid (representable over Q) and the graph
where we want to compute a matching is a bipartite graph. This problem is formally defined
below.

RAT MAT CF-BIPARTITE MATCHING (RAT MAT CF-BM) Parameter: k
Input: A bipartite graph G = (V| E) with vertex bipartition L, R, a matrix A
(representing a matroid M over Q) with columns indexed by F, and an integer k.
Question: Is there a matching M C FE of size k in G, such that the set of columns in
M are linearly independent (over Q)7

Our algorithm takes an instance of RAT MAT CF-BM and generates an instance
of 3-MATROID INTERSECTION, and then employs the known algorithm for 3-MATROID
INTERSECTION to resolve the instance. In the following, we formally define the problem
3-MATROID INTERSECTION.

3-MATROID INTERSECTION Parameter: k
Input: Matrices A, , Am,, and Apq, over F (representing matroids My, Ms, and Ms,
respectively, on the same ground set E) with columns indexed by E, and an integer k.
Question: Is there a set M C FE of size k, such that M is independent in each M, for
ie[3]7
Before moving further, we briefly explain why we needed an additional constraint that
the input matrix is representable over Q. Firstly, we will be using partition matroids which
are representable only on fields of large enough size, and we want all the matroids, i.e. the
one which is part of the input and the ones that we create, to be representable over the same
field. Secondly, the algorithmic result (with the desired running time) we use for 3-MATROID
INTERSECTION works only for certain types of fields.
Next, we state an algorithmic result regarding 3-MATROID INTERSECTION [24], which is
be used by the algorithm. We note that we only state a restricted form of the algorithmic
result for 3-MATROID INTERSECTION in [24], which is enough for our purpose.

» Proposition 31 (Proposition 4.8 [24] (partial)). 3-MATROID INTERSECTION can be solved
in O(QSWk\\AM||O(1)) time, when the matroids are represented over Q.

We are now ready to prove the desired result.
» Theorem 32. RAT MAT CF-BM can be solved in O(23wk||AMHO(1)) time.

Proof. Let (G = (V, E), L, R, Anm, k) be an instance of RAT MAT CF-BM, where the matrix
A represents a matroid M = (E,Z) over Q. Let My = (E,Z1), Mr = (E,Zg) be the
partition matroids as defined in Section 4. Next we compute matrix representations A, and
A, of matroids My, Mg, respectively, using Proposition 8. Now, we solve 3-MATROID
INTERSECTION on the instance (M, Aaq, , Army, k) (over Q) using Proposition 31, and return
the same answer, as returned by the algorithm in it. The correctness follows directly from the
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following. S C F is a matching in G if and only if S is an independent set in M and Mg,
that is S € Ty N Zg. The claimed running time follows from Proposition 8 and Proposition
31. |

5.1.2 FPT algorithm for RaT MaT CF-MM

We design an FPT algorithm for RAT MAT CF-MM, using the algorithm for RAT MAT
CF-BM (Theorem 29). Let (G, Ar, k) be an instance of RAT MAT CF-MM, where the
matrix A represents a matroid M = (E,Z) over Q. We assume that G is a graph with the
vertex set [n], which can easily be achieved by renaming vertices.

The algorithm starts by computing an (n,2k)-universal set F, using Proposition 18.
For each set X € F, the algorithm constructs an instance Ix = (Gx,Lx,Rx,Am,k)
of RAT MAT CF-BM as follows. We have V(Gx) = V(G), Lx = X, R = V(G)\ X,
E(Gx) ={uv € E(G) | u € Lx,v € Rx}. The algorithm decides the instance Ix using
Theorem 32, for each X € F. The algorithm outputs yes if and only if there is X € F, such
that Ix is a yes instance of RAT MAT CF-BM.

» Theorem 33. The algorithm presented for RAT MAT CF-MM is correct. Moreover, it
runs in time (9(2(3W+2)kk0(10gk)HAMHo(l)nO(l))_

Proof. Let (G, Anm, k) be an instance of RAT MaT CF-MM, where matrix A, represent
a matroid M = (E,Z) over field F. Clearly, if the algorithm outputs yes, then indeed
(G, Apm, k) is a yes instance of RAT MAT CF-MM. Next, we argue that if (G, Axq, k) is
a yes instance of RAT MAT CF-MM then the algorithm returns yes. Suppose there is a
solution M C E(G) to RAT MAT CF-MM in (G, Anm, k). Let S = {i,j | ij € M}, and
L = {i | there is j € [n] such that ij € M and i < j}. Observe that |S| = 2k. Since F is an
(n, 2k)-universal set, there is X € F such that X NS = L. Note that S is a solution to RAT
MaT CF-BM in Ix. This together with Theorem 32 implies that the algorithm will return
yes as the output.

Next, we prove the claimed running time of the algorithm. The algorithm computes
(n, 2k)-universal set of size O(22FkC1°8%) logn), in time O(22Fk°1°8*) nlogn), using Pro-
position 18. Then for each X € F, the algorithm creates an instance Iy of RAT MAT
CF-BM in polynomial time. Furthermore, it resolves the Iy of RAT MAT CF-BM in time
O(23¢F|| A5 °V) using Theorem 32. Hence, the running time of the algorithm is bounded
by O(2B8w+2)kjO(log k)||AMHO(1)nO(1)). <

5.2 FPT algorithm for MATROID CF-SP

In this section, we design an FPT algorithm for MATROID CF-SP. In the following, we
formally define the problem MATROID CF-SP.

MatroID CF-SP Parameter: k
Input: A graph G, (distinct) vertices s,t € V(G), a matrix Apq (representing a matroid
M, over a field F) with columns indexed by E(G), and an integer k.

Question: Is there a set M C E(G) of size at most k, such that there is an st-path in
G[M] and the set of columns in M are linearly independent (over F)?

Our algorithm is based on a dynamic programming over representative families. Let
(G, s,t, Ap, k) be an instance of MATROID CF-SP. Before moving to the description of the
algorithm, we need to define some notations.
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Algorithm 1: Alg-Mat-CF-SP
Input: A graph G, (distinct) vertices s,t € V(G), a matrix Ay (over F), and an
integer k.
Output: If there is M C E(G) of size at most k, such that there is an s — ¢ path in
G[M] and the set of columns in M are linearly independent (over F) then
yes. Otherwise, no.

1 for each v € V(G) \ {s} do

2 if sv € E(G) then Pl, = {sv};

3 | else Pl =0;

4 forq=0tok—1do

5 | Set Pl —pL.

6 end

7 end

8 for p=2 to k do

9 for g=0tok—pdo

10 for each v € V(G) \ {s} do

11 Let P24 = Uype p(a) pi D@t L Lt}
12 Compute 7353 Qfe;p 7553 using Theorem 14;
13 end
14 end
15 end

16 for p =1 to k do
17 for =0 to k—pdo

18 if P?? + () then
19 ‘ return yes;
20 end

21 end

22 return no;

For distinct vertices u,v € V(G) and an integer p, we define the following.

PP ={X C E(G) | |X| = p, there is a uv-path in G[X] containing all edges
in X, and X € T} (4)

By the definition of convolution of sets, it is easy to see that

Pro= J PRt {{wo}}
wveE E(G)

Now we are ready to describe our algorithm Alg-Mat-CF-SP for MATROID CF-SP. We
aim to store, for each v € V(G) \ {s}, p < k, and ¢ < k — p, a g-representative set PP, of

sV

PP, of size (p‘qu). Notice that for each v € V(G) \ {s}, we can compute P}, in polynomial

sV
time, since Pl, = {sv} if sv € E(G), and is empty otherwise. Moreover, since |PL,| < 1,
2 for each ¢ < k — 1. Next, we iteratively compute, for each
p €{2,3, -+ ,k}, in increasing order, for each ¢ < k — p, a g-representative 7353, of PP . The
algorithm Alg-Mat-CF-SP is given in Algorithm 1.
Next, we prove a lemma which will be useful in establishing the correctness of Alg-Mat-

CF-SP.

therefore, we can set PLd = Pl

sV
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» Lemma 34. For cach p € [k], ¢ € [0,k — p], and v € V(G)\ {s}, the family PPI computed
by Alg-Mat-CF-SP is a g-representative of P%,, and is of size at most (pj;q). Moreover,

the algorithm computes all sets in {P?4 | p € [k],q € [0,k — pl,v € V(G) \ {s}} in time
O(20(@h) ROM)),

Proof. We prove the claim by induction on p. Consider v € V(G) \ {s}. For p = 1, the set
Pl = {sv} if sv € E(G), and is empty otherwise. Moreover, for each ¢ € [0,k — 1], Alg-Mat-
CF-SP sets P14 = PL . Hence, for each q € [0,k — 1], we have Pla ca PL,. Moreover, the

sv =rep
set 7/5513 is computed by the algorithm in polynomial time.

For induction hypothesis, we assume that for ¢t € N>q, for each p < ¢, ¢ € [0,k — p],
and v € V(@) \ {s}, we have Pr4 Chp PL,. Next, consider p =t +1, g € [0,k — (t + 1)],
and v € V(G) \ {s}. The step of the algorithm, where it computes P(t+ )it has already
computed (correctly), for each p <t, g € [0,k —p|, and u € V(G) \ {s}, the set pra Clp PL-
This follows from the iteration of the algorithm over p from 1 to k in increasing order at
Step 6 (and Step 1). The algorithm sets P =, ,eE(G)P(f)(qH) * {{wv}}, and then
sets PV to be the g-representative set of ’P(t+ )% yeturned by Theorem 14, which is of

size at most (t‘:ﬂ'q) If we show that P59 Ca, PLL, then by Proposition 12 it will follow

that P9 CL, PL. But Pl Ca, PLi follows from Lemma 15 and Proposition 13.
Also, note that each entry can be computed in time (29 nO1), <

Using Lemma 34, we obtain the following theorem.

» Theorem 35. The algorithm Alg-Mat-CF-SP is correct. Moreover, it runs in time
O(QO(Wk)no(l)),

Proof. Let (G, s,t, Ap, k) be an instance of MATROID CF-SP. We claim that (G, s, t, A, k)
is a yes instance of MATROID CF-SP if and only if Alg-Mat-CF-SP outputs yes. In the
forward direction, let (G, s,t, Ap, k) be a yes instance of MATROID CF-SP. Since, using
Lemma 34, Alg-Mat-CF-SP computes a g-representative of PZ, of size at most (p+q) for
each p € [k], ¢ € [0,k — p|, and v € V(G) \ {s}, therefore, the algorithm also computes a
g-representative family for P. By the definition of representative set and construction of
our family P¥,, 7/5 also contains a s — ¢ path and hence, the algorithm outputs yes. In the
reverse direction, 1f the algorithm outputs yes then by construction of family Pst, if Pe Pst,
then it is a conflict-free s — ¢ path in G. This completes the correctness of our algorithm.
Moreover, the running time bound of the algorithm follows from Lemma 34. <

Theorem 35 will also result into an FPT algorithm for CF-SP when the conflict graph is
a cluster graph.

» Corollary 36. CONFLICT FREE SHORTEST PATH parameterized by the solution size is
FPT, when the conflict graph is a cluster graph.

Proof. Let (G, H, k) be an instance of CF-SP, where H is a cluster graph. We construct a
partition matroid, My = (U,Z), corresponding to graph H as follows. We define ground
set as U = V(H). Now, partition U as U; = V(C;), for each clique C; in H and a; = 1, for
U; € U. By the construction of My, we have for S C V(H), S is an independent set in H
if and only if S is independent in My . Next, we compute a matrix M representing M,
using Proposition 8 in polynomial time.Now we use Alg-Mat-CF-SP with input (G, M, k),
and return the same output. The correctness of our algorithm follows from correctness of the
algorithm Alg-Mat-CF-SP (Theorem 35), and by construction of the instance (G, M, k). Note
that the matrix M representing My can be computed in polynomial time. This together
with Theorem 35 implies the claimed running time bound, This concludes the proof. <
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6 FPT Algorithm for d-degenerate Conflict Graphs

In this section, we show that CF-MM and CF-SP both are in FPT, when the conflict graph
H is a d-degenerate graphs. These algorithms are based on the notion of independence
covering family, which was introduced in [25].

Before moving onto description of our algorithms, we define the notion of independence
covering family.

» Definition 37 ([25]). For a graph H* and an integer k, a k-independence covering family,
J(H* k), is a family of independent sets in H* such that for any independent set I’ in H*
of size at most k, there is a set I € #(H*, k) such that I' C I.

Our algorithms rely on the construction of k-independence covering family, for a family of
graphs. But before dwelling into these details, we first design an algorithm for an annotated
version of the CF-MM and CF-SP problems, which we call ANNOTATED CF-MM and
ANNOTATED CF-SP, respectively. In the ANNOTATED CF-MM (ANNOTATED CF-SP)
problem, the input to CF-MM (CF-SP) is annotated with a k-independence covering family.

6.1 Algorithms for ANNOTATED CF-MM and ANNOTATED CF-SP

In this section, we study the problems ANNOTATED CF-MM and ANNOTATED CF-SP,
which are formally defined below.

ANNOTATED CF-MM Parameter: k + |F|
Input: A graph G = (V, E), a conflict graph H = (E,E’), an integer k, and a k-
independence covering family F of H.

Question: Is there a matching M C F of size k in G such that M is an independent set
in H?

ANNOTATED CF-SP Parameter: k + |F|
Input: A graph G = (V, E), (distinct) vertices s,t € V, a conflict graph H = (E, E'),
an integer k, and a k-independence covering family F of H.

Question: Is there a set M C F of size at most k, such that there is an s — ¢t path in
G[M] and M is an independent set in H?

The algorithm that we design for ANNOTATED CF-MM runs in time polynomial in
the size of the input. We give the algorithm Alg-CF-MM (Alg-CF-SP) (Algorithm 2) for
ANNOTATED CF-MM (ANNOTATED CF-SP).

In the following lemma we prove the correctness of Alg-CF-MM (Alg-CF-SP).

» Lemma 38. The algorithm Alg-CF-MM (Alg-CF-SP) is correct. Moreover, the algorithm
runs in time polynomial in the size of the input.

Proof. Let (G, (s,t), H, k, F) be an instance of ANNOTATED CF-MM (ANNOTATED CF-SP).
We show that (G, (s,t), H, k,F) is a yes instance of ANNOTATED CF-MM (ANNOTATED
CF-SP) if and only if Alg-CF-MM (Alg-CF-SP) outputs yes.

Note that the reverse direction easily follows from the fact that F is a family of independent
sets in H. Therefore, we only need to prove the forward direction. In the forward direction,
let (G, (s,t), H, k,F) be a yes instance of ANNOTATED CF-MM (ANNOTATED CF-SP) and
S be one of its solution. Since F is a k-independence covering family, there is I € F such
that S C I (see Definition 37). Hence, in the iteration where the algorithm considers I in its
for loop, the graph G has S as a matching (there is an s — ¢ path in G;[S]). Therefore, the
algorithm outputs yes at this iteration.



765

766

767

768

769

770

771

772

773

774

775

776

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

A. Agrawal and P. Jain and L. Kanesh and S. Saurabh

Algorithm 2: Alg-CF-MM (Alg-CF-SP)
Input: A graph G,((distinct) vertices s,t € V(G)), a conflict graph H, an integer k,
and a k-independence covering family F of H.

Output: If there a set M C E of size k in G such that M is a matching in G (there
is an s — ¢ path in G[M]) and M is an independent set in H, then yes, and
no otherwise.

1 for each I € F do

2 Let Gy be the graph with V(G;) = V(G) and E(Gy) =1 ;
3 if G1 has a matching (path) of size k then

4 return yes;

5 end
6 return no ;

The running time analysis follows from the fact that maximum matching (shortest path)
can be computed in polynomial time [12, 27]( [7, 3]). <

Next, we use Alg-CF-MM (Alg-CF-SP) together with Independence Covering Lemma
of [25] to obtain algorithms for CF-MM (CF-SP) when the conflict graph is d-degenerate
or nowhere dense graph. Towards this we state some lemmata from [25] that we use in our
algorithms.

» Proposition 39. [25, Lemma 1.1] There is a randomized algorithm running in polynomial
time, that given a d-degenerate graph H* and an integer k as input, outputs an independent
set I, such that for every independent set I' of size at most k in graph H*, the probability
that I' C T is at least ((k(d]jl)) “k(d+1))7L.

» Proposition 40. [25, Lemmas 3.2 and 3.3] There are two deterministic algorithms Ay and
As, which given a d-degenerate graph H* and an integer k, output independence covering
families 91 (H*, k) and Fo(H*, k), respectively, such that the following conditions are satisfied.

Ay runs in time O(|91(H*, k)| - (n +m)), where | %, (H*, k)| = (k(d,jl)) -20(k(d+1)) og p,
Ay runs in time O(|.75(H*, k)| - (n+m)), where | Z5(H*, k)| = (* D% . (k(d+1))°W.
logn.

Next, using Proposition 39 and 40, together with Alg-CF-MM (Alg-CF-SP), we obtain
randomized and deterministic algorithms, respectively for CF-MM (CF-SP), when the
conflict graph is a d-degenerate graph.

» Theorem 41. There is a randomized algorithm, which given an instance (G, H,k) of
CF-MM(CF-SP), where H is a d-degenerate graph, in time (k(d,:'l)) k(d+1)-n°M | either
reports a failure or correctly outputs that the input is a yes instance of CF-MM(CF-SP).
Moreover, if the input is a yes instance of CE-MM(CF-SP), then the algorithm outputs
correct answer with a constant probability.

Proof. Let (G, (s,t), H, k) be an instance CF-MM (CF-SP), where H is a d-degenerate
graph.
We repeat the following procedure ((k(llj d)) -k(d+ 1)) many times.

1. The algorithm computes an independent set I in (H, k) using Proposition 39.
2. The algorithm calls Alg-CF-MM (Alg-CF-SP) with input (G, (s,t)H, k,{I}).
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The algorithm outputs yes, if in one of the calls to Alg-CF-MM (Alg-CF-SP), it receives a
yes. Otherwise, the algorithm outputs no. The running time analysis of the above procedure
follows from Proposition 39 and Lemma 38. Also, given a yes instance, the guarantee on
success probability follows from Proposition 39, the number of repetitions, and Lemma 38.
Moreover, from Lemma 38 the yes output returned by the algorithm is indeed the correct
output to CF-MM(CF-SP)for the given instance. This concludes the proof.

<

» Theorem 42. CF-MM (CF-SP) admits a deterministic algorithm running in time min
2 2

{(k(dljl)) - 20(k(d+1)) og py, (k (d,:rl) )« (k(d+ 1)°M .1og n} -nOW when the conflict graph

is a d-degenerate graph.

Proof. Let (G, (s,t), H, k) be an instance CF-MM (CF-SP), where H is a d-degenerate
graph. The algorithm starts by computing a k-independence covering family .#(H, k) of H,
using Proposition 40. Next, we call Alg-CF-MM (Alg-CF-SP) with the input (G, (s,t), H, k,
Z(H,k)). The correctness and running time analysis of the above procedure follows from
Proposition 40 and Lemma 38. This completes the proof. |
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